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Abstract

The half-sunlet graph HS3k is a 2k-cycle with a pendant edge at every alternate vertex
(|V| = |E| = 3k). We give a complete decomposition theory for HS12 (k = 4), characterising
when HS12 decomposes G for G complete, complete bipartite, and complete tripartite.
Writing m = min(a, b) and M = max(a, b), we prove the following. First, HS12 | Ka if
and only if a ≥ 16 and a ≡ 0, 1, 9, 16 (mod 24). Second, HS12 | Ka,b if and only if m ≥ 4,
M ≥ 8 and 12 divides ab, with the single exception of the family in which m = 6, M is even
and 3 does not divide M, for which no decomposition exists. Third, HS12 | Ka,b,c if and
only if 12 divides ab + bc + ca and the multiset {a, b, c} is none of {2, 2, c}, {1, 4, c} with
c ≡ 4 (mod 12), {1, 6, 6} and {2, 3, 6}. The three hosts thus exhibit a structural gradient:
the complete graph admits a purely arithmetic criterion with no exceptions, whereas the
bipartite and tripartite hosts admit one and four exceptional families, respectively.

Keywords: graph decomposition; half-sunlet graph; complete graph; complete bipartite
graph; complete tripartite graph; biclique partition; constraint programming
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1. Introduction
Throughout, all graphs are finite and simple. Write Ck for the cycle on k vertices, Ka

for the complete graph on a vertices, Ka,b for the complete bipartite graph with parts of
size a, b, and Ka,b,c for the complete tripartite graph with parts of size a, b, c. Following
standard terminology [1,2], a graph G is H-decomposable (H | G) if E(G) admits a partition
E1, . . . , Ek with each ⟨Ei⟩ isomorphic to H; equivalently, G = H ⊕ · · · ⊕ H. Deciding, for a
fixed small graph H, exactly which members of a host family are H-decomposable is a
classical organising question in combinatorial design theory, and complete bipartite and
complete multipartite graphs are among its most studied host families. Cycle decomposi-
tions of complete and complete multipartite graphs have been settled in wide generality:
from the Kirkman–Netto triangle decomposition [3–5], through Alspach–Gavlas [6] and
Sajna [7] for cycles of a single fixed length, to Bryant–Horsley–Pettersson for cycles of
arbitrary length [8]. A second classical strand decomposes into stars, paths, or trees [9–18],
and a third decomposes into bicliques of unrestricted size, following Graham and Pollak’s
theorem that the biclique partition number of Ka is a − 1 [19].

Since this paper’s host graphs are the complete, complete bipartite, and complete
tripartite families, we single out that literature for closer review. On the bipartite side,
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Sotteau’s theorem gives a complete characterisation of C2k | Ka,b [20], and Chou, Fu,
and Huang settled the decomposition of Ka,b into short cycles more generally, including
mixed cycle lengths [21,22]. Path and star decompositions of Ka,b have an extensive liter-
ature of their own: Tarsi characterised decompositions into simple paths [23]; Jeevadoss
and Muthusamy settled the mixed path-and-cycle case [13]; Shyu gave necessary and
sufficient conditions for paths and stars with equal edge counts [24]; and Lee, together
with various coauthors, resolved several cycle-and-star and multidecomposition variants
of Ka,b [25,26]. Closer in spirit to this paper, sunlet and generalised-sun decompositions
of complete bipartite graphs have their own dedicated strand: Anitha and Lekshmi first
established N-sun decompositions of Ka, Ka,b, and Harary graphs [27,28], and Fu, Jhuang,
Lin, and Sung, together with Fu, Huang, and Lin, gave a systematic existence theory for
general k-sun systems and 5-sun systems [29,30].

On the tripartite side, the analogous cycle-decomposition literature is older and,
for odd cycle lengths, still only partially resolved. Cavenagh gave necessary and sufficient
conditions for Ck | Ka,b,c for several fixed k [31], and Billington settled the mixed case of
cycles of length 3 and 4 [32]; Ganesamurthy and Paulraja later extended this to lengths
3 and 6 [33]. The f ive-cycle case, first posed by Mahmoodian and Mirzakhani [34], proved
considerably harder and was advanced incrementally by Cavenagh and Billington [35] and
by Alipour, Mahmoodian, and Mollaahmadi [36] with the general case remaining open
when the three parts have pairwise distinct odd sizes. Path decompositions of complete
tripartite graphs, and the mixed path-cycle problem specifically for paths and cycles of
length three, were resolved by Priyadarsini, Shanmugasundaram, and Muthusamy [37].
Billington, Cavenagh, and Smith extended the path-and-cycle theory to complete equipartite
graphs on three and five parts [38]. This paper’s tripartite theory (Section 5) follows this
same host family—complete tripartite graphs Ka,b,c—but for a fixed unicyclic target graph
of order twelve rather than a bare cycle or path, and unlike the f ive-cycle problem above,
we obtain a complete characterisation with no residual open cases.

We develop the complete, bipartite, and tripartite decomposition theory for HS12 from
first principles. For the complete graph host, Theorem 6 gives an exception-free character-
isation: HS12 | Ka exactly when a ≥ 16 and a ≡ 0, 1, 9, 16 (mod 24), which is proved by
reducing every admissible order to four base cases via a recursive splitting that invokes
the bipartite theorem as its bridge. For the multipartite hosts, we establish a complete
bipartite characterisation and two tripartite master theorems that together cover every
triple a, b, c ≥ 1 with no exceptions beyond those explicitly identified: Theorem 9 resolves
the entire domain min(a, b, c) ≥ 8 by a uniform divisibility criterion, and Theorem 12
resolves the remaining domain min(a, b, c) < 8 via a finite reduction, uncovering two
further infinite exceptional families along the way. The threshold 8 separating these two
regimes is not a limitation of the method but a direct consequence of HS12’s own bipartition
structure, as discussed after Theorem 12 below. The novelty of these results is best stated
against what is and is not already known. For the (full) sunlet graph L2m, the existence of
N-sun decompositions of complete and complete bipartite graphs is established [27–30]
(Section 2.1), but no analogous complete characterisation—covering the complete, complete
bipartite, and complete tripartite hosts together, with every exceptional case identified and
proved rather than left open—exists for any half-sunlet graph prior to this paper for HS12

or otherwise. Not every result here required a new idea: the necessary conditions, peeling
and bridging lemmas (Propositions 3 and Remark 8, Lemma 3), are deliberately elementary,
exactly as such infrastructure is in the sunlet-decomposition literature above, and this
is expected rather than a shortcoming: they are the bookkeeping on which the paper’s
substantive results are built. The genuinely novel contributions are four, and have no
counterpart in the sunlet literature, precisely because L2m’s symmetric bipartition (unlike
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HS12’s asymmetric 4 + 8 split, Section 2.1) never produces the phenomena involved: the
K2,2,c obstruction (Theorem 10), proved by an exhaustive colouring argument; the K1,4,c

obstruction (Theorem 11), proved by an unrelated global degree-scheduling argument;
the reduction theorem (Proposition 5) collapsing an infinite domain to a finite, fully re-
solved table, which is a technique that is not specific to HS12 and may transfer to other
half-sunlet or unicyclic decomposition problems; and the complete-graph characterisation
(Theorem 6), whose recursive reduction to four base cases uses the bipartite theorem of this
paper as its bridge and yields, in contrast to every other host treated here, a characterisation
with no exceptional families whatsoever. To verify the conditions and construct explicit
decompositions, computational modelling was performed using the CP-SAT solver, which
is a state-of-the-art constraint-programming and Boolean-satisfiability engine integrated
within Google’s OR-Tools suite [39]. CP-SAT lets us formulate exact partitioning rules,
subgraph embedding constraints, and edge-disjointness requirements directly without the
overhead of continuous relaxations, and it is the primary tool by which every sufficiency
claim in this paper is established.

The paper is organised as follows. Section 2 fixes notation and records the structural
facts about HS12 that the rest of the paper builds on. Section 3 proves the complete bipartite
characterisation. Section 4 settles the complete-graph host Ka. Section 5 develops the
tripartite hub method and the resulting master theorems, covering the entire domain
a, b, c ≥ 1. Section 7 records the computational methodology and verification procedure.

2. Preliminaries
2.1. Sunlet-Type Decomposition of Complete Graphs: Background and Structural Comparison

Decomposing the complete graph Ka into unicyclic “sun”-shaped target graphs is a
classical strand of design theory alongside cycle and star decomposition. The (full) sunlet
graph L2m is the m-cycle d0d1 · · · dm−1d0 together with a pendant edge diqi at every cycle
vertex di (0 ≤ i ≤ m − 1), so |V(L2m)| = |E(L2m)| = 2m and every cycle vertex has a
degree of 3. For this target graph, the basic necessary condition for L2m | Ka is the usual
edge-count divisibility 2m | (a

2) together with a ≥ m+ 1 (enough vertices to supply both the
m-cycle and its m distinct pendants); existence for complete and complete bipartite hosts
under conditions of this type was established for general N-sun systems by Anitha and
Lekshmi [27,28], and existence for Ka under the divisibility condition alone was settled for
general k-sun systems by Fu, Jhuang, Lin, and Sung [29] with the f ive-sun case treated in
full by Fu, Huang, and Lin [30]. This line of work remains active: Sonawane and Borse [40]
settled the sunlet decomposition of hypercubes, and Sowndhariya and Muthusamy [41]
resolved the sunlet decomposition of general product graphs both for sunlet graphs of
order eight; Ezhilarasi and Muthusamy [42] extended path-and-cycle decomposition to
complete equipartite hosts of arbitrary part count; Priyadarsini [43] extended the tripartite
path-and-cycle results discussed above to paths of general length k; Arputha Jose, Sampath
Kumar, and Cecily Sahai [44] settled the short-cycle (C3, C4, C6)-decomposition of general
complete tripartite graphs; Saranya, Jeevadoss, Nalini, and Chitra [45] extended the sunlet-
adjacent hypercube decomposition programme to paths and cycles of general length; and
Nalini et al. [46] settled the decomposition of regular bipartite graphs into Hamiltonian
cycles or paths together with the star S3.

The half-sunlet graph HS3k studied in this paper differs from L2m in one respect
only—pendants at alternating cycle vertices rather than every cycle vertex—but this single
change alters the decomposition theory qualitatively rather than incrementally. L2m is edge-
transitive under its own automorphism group in the relevant sense that every cycle vertex
plays an identical role (degree 3, one pendant), so an embedding of L2m into a bipartite host
is governed by a single width parameter. HS3k, by contrast, has two structurally distinct
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vertex classes even before any embedding is chosen: the k pendant-bearing hubs (degree 3)
and the 2k non-hub cycle and leaf vertices (degree 2 or 1), which are forced into different
bipartition classes of sizes k and 2k by Remark 2. Consequently, as Lemma 2 makes pre-
cise below, embedding HS12 into Ka,b requires two independent width thresholds, m ≥ 4
and M ≥ 8, rather than the single threshold that governs L2m-decomposition. This two-
parameter structure is the source of every exceptional family identified later in this paper
(Theorems 5, 10 and 11), and it has no counterpart in the established sunlet-decomposition
literature above, where the single-parameter symmetric structure of L2m admits no
analogous phenomenon.

It is worth noting where this asymmetry does not bite. The two-parameter width
requirement is a statement about embedding HS12 into a graph whose vertex classes have
prescribed, possibly unequal, sizes; the complete graph Ka imposes no such split, being
vertex-transitive and (a− 1)-regular. Accordingly, the complete-graph host behaves like the
classical sunlet case rather than the multipartite one: Theorem 6 below shows HS12 | Ka is
governed by edge-count divisibility alone, with no exceptional family, exactly as k-sun sys-
tems of Ka are [29]. The contrast between this and the multipartite hosts, where exceptional
families do arise, is one of the structural points this paper makes precise. The decomposition
of complete graphs specifically into half-sunlet graphs remains comparatively unexplored
in the literature; this paper’s characterisation for HS12 across complete, complete bipartite,
and complete tripartite hosts is offered as a step towards that broader theory.

2.2. General HS3k: Structural Results Independent of k

Before specialising to k = 4, we record what can be established for the family HS3k

uniformly in k. The results of this subsection are proved once and used throughout the
paper; they show that the framework developed here is a general one, and they isolate
precisely which ingredients of the later analysis are k-independent and which are particular
to k = 4.

Definition 1 (Half-sunlet graph). For k ≥ 3, the half-sunlet graph HS3k is the cycle
c0c1 · · · c2k−1c0 of length 2k together with k pendant edges c2i p2i (0 ≤ i ≤ k − 1) attached
at the alternating vertices c0, c2, . . . , c2k−2, the leaves p2i being distinct. Thus, |V(HS3k)| =
|E(HS3k)| = 3k. We call the c2i the hubs of HS3k.

Lemma 1 (Bipartition and degree sequence). For every k ≥ 3, HS3k is bipartite with classes

P = {c0, c2, . . . , c2k−2}, Q = {c1, c3, . . . , c2k−1} ∪ {p0, p2, . . . , p2k−2},

so that |P| = k and |Q| = 2k. Every vertex of P has a degree of 3; of the 2k vertices of Q, exactly k
have a degree of 2 and k have a degree of 1.

Proof. The cycle c0 · · · c2k−1 has even length 2k, so it is properly two-coloured by even-
and odd-indexed vertices. Each pendant edge c2i p2i joins an even-indexed vertex to a
leaf, and placing every leaf in the odd class keeps the colouring proper; since leaves have
no other neighbours, no conflict arises. Hence, {P, Q} is a bipartition with |P| = k even-
indexed cycle vertices and |Q| = k + k = 2k. A hub c2i meets two cycle edges and one
pendant edge, so it has a degree of 3; a non-hub cycle vertex c2i+1 meets two cycle edges
only, so has a degree of 2; a leaf has a degree of 1.

The asymmetry |P| = k ̸= 2k = |Q| is the structural feature distinguishing HS3k from
the sunlet graph L2m, whose two classes are of equal size, and it is the source of the width
conditions that follow.
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Corollary 1 (Embedding width). If HS3k embeds in Ka,b, then, writing m = min(a, b) and
M = max(a, b),

m ≥ k and M ≥ 2k.

Proof. Ka,b has no edge inside a part, and HS3k is connected, so its unique bipartition
{P, Q} of Lemma 1 must map with P inside one part and Q inside the other. Whichever
part receives P has a size of at least |P| = k, and whichever receives Q has a size of at least
|Q| = 2k; taking the better of the two orientations gives the stated bounds.

Proposition 1 (Necessary conditions for the three host families). Let k ≥ 3. Then,

HS3k | Ka,b =⇒ 3k | ab, (1)

HS3k | Ka,b,c =⇒ 3k | (ab + bc + ca), (2)

HS3k | Ka =⇒ 6k | a(a − 1) and a ≥ 3k. (3)

Proof. Each copy of HS3k contributes exactly 3k edges, so in every case, the number of
edges of the host must be a multiple of 3k. This gives (1) from |E(Ka,b)| = ab and (2) from
|E(Ka,b,c)| = ab+ bc+ ca. For (3), |E(Ka)| = a(a− 1)/2, so 3k | a(a− 1)/2, i.e., 6k | a(a− 1);
and since HS3k has 3k vertices, an embedding requires a ≥ 3k.

Proposition 2 (Hub-appearance bound). Let D be an HS3k-decomposition of a host G, and for
v ∈ V(G), let hv denote the number of blocks of D in which v occupies a hub position. Then,

hv ≤
⌊

degG(v)
3

⌋
for every v ∈ V(G),

independently of k.

Proof. By Lemma 1, a hub has a degree of 3 in HS3k for every k, so each hub appearance of
v consumes three distinct edges at v. Blocks of a decomposition are edge-disjoint, so the hv

hub appearances consume 3hv distinct edges at v, whence 3hv ≤ degG(v).

Remark 1 (Scope of the general framework). Three further ingredients of this paper are stated
and proved for arbitrary k and are used unchanged in the sequel: the biclique-partition hub method
(Definition 5), which refers only to the bipartition of Lemma 1; the peeling and bridging lemmas;
and the complete-graph splitting Ka+b = Ka ⊕ Kb ⊕ Ka,b used in Section 4, which is independent
of the guest graph altogether. What is not k-independent is the resolution of the finitely many
residue classes left open by Proposition 1: the base certificates, and hence the exceptional families,
depend on the arithmetic of 3k. For k = 4, the factorisation 12 = 4 · 3 governs the mod-4/mod-3
analysis of Section 5 and the residues 0, 1, 9, 16 (mod 24) of Theorem 6. This paper carries the
programme through in full for k = 4; the general framework above is what makes the comparison
across k precise, and Section 8 records which further steps are expected to transfer.

Definition 2 (The case k = 4). HS12 is the case k = 4 of Definition 1: the 8-cycle
c0c1c2c3c4c5c6c7c0 together with four pendant edges c0 p0, c2 p2, c4 p4, c6 p6 at the hubs c0, c2, c4, c6

(see Figure 1), so |V(HS12)| = |E(HS12)| = 12 and, by Lemma 1, its bipartition classes have sizes
4 and 8.

We record decompositions of HS12 inside a labelled host graph using the compact
matrix notation (

p0 p2 p4 p6

c0 c1 c2 c3 c4 c5 c6 c7 c0

)
.
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c0
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c5
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p0

p2

p4

p6

Figure 1. The half-sunlet graph HS12.

Remark 2 (Bipartition of HS12). HS12 is bipartite with parts

P = {c0, c2, c4, c6}, Q = {c1, c3, c5, c7, p0, p2, p4, p6},

|P| = 4, |Q| = 8, every edge, joining P to Q: the 8-cycle, is properly two-coloured by
{c0, c2, c4, c6} and {c1, c3, c5, c7}, and each pendant edge ci pi forces its leaf into the class opposite
ci. Every vertex of P has a degree of 3 (two cycle edges plus one pendant edge); every vertex of Q
has a degree of 2 (if a cycle vertex) or 1 (if a pendant leaf).

We call the four vertices of P (each of degree 3) the hubs of HS12 and the eight vertices
of Q (degree 2 or 1) its non-hub vertices; the pendant edges attach a distinct leaf to each
hub. This terminology is reused in a second and distinct sense—a chosen hub part among
the three parts of Ka,b,c, rather than a hub vertex within HS12 itself—in Definition 5 below.

Definition 3 (Embedding). An embedding of a graph H into a graph G is an injective map
ϕ : V(H) → V(G) such that uv ∈ E(H) implies ϕ(u)ϕ(v) ∈ E(G) (a subgraph embedding,
i.e., a graph monomorphism; ϕ need not be induced, and G may have edges between ϕ(u), ϕ(v)
for non-adjacent u, v ∈ V(H) without affecting whether ϕ is an embedding). We write ϕ embeds
H in G. Section 6 formalises the stronger, decomposition-specific notion of a block placement
(Definition 7) needed for the certificate-based proofs later in this paper; every block placement is in
particular an embedding in the sense defined here.

Lemma 2 (Embedding requires widths 4 and 8). If ϕ embeds HS12 in Ka,b with parts X
(|X| = a), Y (|Y| = b), then either ϕ(P) ⊆ X, ϕ(Q) ⊆ Y, or ϕ(P) ⊆ Y, ϕ(Q) ⊆ X.
Consequently, writing m = min(a, b), M = max(a, b), m ≥ 4 and M ≥ 8 are necessary for any
embedding of HS12 into Ka,b.

Proof. Ka,b has no edges inside either part, and HS12 is connected with the unique biparti-
tion {P, Q} of Remark 2, so ϕ(P) lies entirely in X or Y, and ϕ(Q) lies in the other. Since
|P| = 4, |Q| = 8, whichever side receives P needs a size ≥ 4 and whichever receives Q
needs a size ≥ 8; the better orientation gives m ≥ 4, M ≥ 8.
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For disjoint vertex sets S, T, write KS,T for the complete bipartite graph with parts S, T.
A biclique is a complete bipartite graph; a biclique subgraph of a graph G is a subgraph of
G isomorphic to KS,T for some disjoint S, T ⊆ V(G).

Definition 4 (Biclique partition). A biclique partition of a graph G is a finite collection of biclique
subgraphs of G whose edge sets partition E(G).

Write the three parts of Ka,b,c as X, Y, Z, of sizes a, b, c, respectively; WLOG we may
assume a ≤ b ≤ c whenever convenient below.

Definition 5 (Hub condition). For a hub part H ∈ {X, Y, Z} with the other two parts Q, R, the
hub-H condition holds if both HS12 | K|H|,|Q|+|R| and HS12 | K|Q|,|R|, which are each decided by
Theorem 5.

3. HS12-Decomposition of Ka,b

Proposition 3 (Necessary condition). If HS12 | Ka,b, then 12 | ab.

Proof. |E(Ka,b)| = ab and each HS12-copy has 12 edges, so a decomposition into t copies
forces ab = 12t.

Definition 6 (Edge-disjoint union ⊕ [47]). For graphs G1, . . . , Gr, the notation G = G1 ⊕ · · · ⊕
Gr means that V(G) = V(G1) ∪ · · · ∪ V(Gr) and E(G) is partitioned by E(G1), . . . , E(Gr), i.e.,
the E(Gi) are pairwise edge-disjoint and their union is exactly E(G). Equivalently, G1 ⊕ · · · ⊕ Gr

is the graph obtained by taking the union of the Gi on their combined vertex set and superimposing
their edge sets without identifying or duplicating any edge.

Lemma 3. For any a, b ≥ 1 and any splitting b = b1 + b2 with b1, b2 ≥ 0,

Ka,b = Ka,b1 ⊕ Ka,b2 ,

the second summand being the complete bipartite graph between the a-side and the peeled block of
size b2. The analogous splitting holds on the a-side.

Proof. Partition the b-side into blocks of size b1, b2. Every edge of Ka,b has its b-side
endpoint in exactly one of the two blocks; this partitions E(Ka,b) into E(Ka,b1) and E(Ka,b2)

exactly.

Corollary 2. If HS12 | Ka,b and HS12 | Ka,b′ , then HS12 | Ka,b+b′ . The analogous statement holds
on the a-side.

Lemma 2 shows m = min(a, b) ≥ 4, M = max(a, b) ≥ 8 are necessary for any
embedding at all. Because |P| = 4 ̸= 8 = |Q|, the two bipartition classes have different
widths, and this asymmetry produces a forced-orientation phenomenon over an entire
range of small values 4 ≤ a < 8 rather than at a single isolated boundary point: any graph
whose two bipartition classes were instead of equal size would only see this phenomenon
exactly at the shared width value, since below it neither orientation is ruled out by a
width mismatch.

Theorem 1. Suppose HS12 | Ka,b with 4 ≤ a < 8 ≤ b. Then, every copy of HS12 in the
decomposition has P embedded in the a-side and Q in the b-side; consequently, 3 | b.
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Proof. By Lemma 2, each copy’s embedding orientation requires either (P-side ≥ 4 and
Q-side ≥ 8) or (P-side ≥ 8 and Q-side ≥ 4). Since a < 8, the a-side cannot host Q (which
needs ≥ 8), so every copy must embed P in the a-side and Q in the b-side. Fix x in the a-side,
and let t(x) be the number of copies containing x. In every one of those copies, x plays a
P-role vertex, which by Remark 2 has a degree of exactly 3. Hence, degKa,b

(x) = b = 3 t(x),
forcing 3 | b.

Theorem 2. For b ≥ 8, HS12 | K6,b if and only if 6 | b.

Proof. (Necessity) By Proposition 3, 12 | 6b, i.e., 2 | b. By Theorem 1 (applicable since
6 < 8 ≤ b), 3 | b. Together, 6 | b.

(Sufficiency) The base cases K6,12 and K6,18 (one representative of each residue of b
modulo 6 that is ≡ 0 (mod 6), restricted to b ≥ 12; the smallest admissible value, b = 6
itself, is excluded by the hypothesis b ≥ 8) are exhibited explicitly in Appendix A and
independently re-verified. For general b ≥ 12 with 6 | b: writing b = 12i + 18j with i, j ≥ 0
(possible for every multiple of 6 that is ≥12, since {2, 3}—the coefficients of 12, 18 in units
of 6—are coprime with Frobenius number 1, and 12/6 = 2, 18/6 = 3 already cover every
integer k ≥ 2 as a non-negative combination of 2 and 3), Corollary 2 applied i + j − 1 times,
bridging with K6,12 (see Figure 2) and K6,18 (see Figure 3) as needed, gives HS12 | K6,b.

Figure 2. HS12-decomposition of K6,12.

Corollary 3. For b ≥ 8 even with 3 ∤ b (equivalently, b ≡ 2 or 4 (mod 6)), HS12 ∤ K6,b, even
though 12 | 6b.

Proof. Since b is even and 3 ∤ b, we have 6 ∤ b (as 6 | b would force 3 | b). By Theorem 2,
HS12 | K6,b holds if and only if 6 | b; since 6 ∤ b, HS12 ∤ K6,b.

We next show that a = 6 is the only value in {4, 5, 6, 7} at which this gap between
12 | ab and the forced condition 3 | b can occur.
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Figure 3. HS12-decomposition of K6,18.

Remark 3. For a ∈ {4, 5, 7} and b ≥ 8, 12 | ab implies 3 | b, and it adds no restriction beyond
12 | ab itself. For a = 4: 12 | 4b ⇐⇒ 3 | b directly. For a = 5, 7: gcd(a, 12) = 1, so
12 | ab ⇐⇒ 12 | b, which implies 3 | b.

Lemma 4. Each of K4,9, K4,12, K4,15, K5,12, K6,12, K6,18, and K7,12 is HS12-decomposable. Ex-
plicit certificates, each found by CP-SAT and independently re-verified edge-by-edge, are given in
Appendix A.

Proof. The existence of an HS12-decomposition is, by definition, the existence of an explicit
finite collection of edge-disjoint HS12-copies whose union is the full edge set; exhibiting
such a collection is the proof regardless of whether it was found by hand or by computer
search. Each certificate here was found by CP-SAT (a constraint solver that returns an
exact satisfying assignment rather than an approximation or a heuristic guess) and then
independently re-verified by a separate program, sharing no code with the solver, that
reconstructs every block’s twelve edges from the raw certificate and checks by direct
enumeration that the blocks are pairwise edge-disjoint and that their union is exactly
E(Ka,b)—exactly the definition of a decomposition, which is checked mechanically rather
than asserted.

As an explicit illustration, K4,9 (ab = 36 = 3 × 12) is decomposed by the three blocks

H1 =

(
Y3 Y5 Y7 Y2

X0 Y0 X1 Y1 X2 Y6 X3 Y8 X0

)
,

H2 =

(
Y6 Y3 Y2 Y8

X0 Y1 X3 Y5 X2 Y4 X1 Y7 X0

)
,

H3 =

(
Y5 Y6 Y8 Y7

X0 Y2 X1 Y3 X2 Y0 X3 Y4 X0

)
.

A direct hand count confirms these 3 × 12 = 36 edges are pairwise distinct and
exhaust E(K4,9): each Xi (i = 0, . . . , 3) meets every Yj (j = 0, . . . , 8) in exactly one block.
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The remaining six certificates (K4,12, K4,15, K5,12, K6,12, K6,18, K7,12) are of the identical
explicit, hand-checkable form and are given in full in Appendix A.

Theorem 3 (Complete resolution for a ∈ {4, 5, 7}). For a ∈ {4, 5, 7} and b ≥ 8, HS12 | Ka,b if
and only if 12 | ab.

Proof. Necessity combines Theorem 1 and Remark 3. For sufficiency at a = 5, 7: by
Lemma 4, K5,12 and K7,12 are each verified; since the feasible b values are exactly the multi-
ples of 12 that are ≥12 (as 12 | ab with gcd(a, 12) = 1 forces 12 | b), every feasible b is b = 12k
for k ≥ 1, and Corollary 2 applied k − 1 times using the Ka,12 certificate gives HS12 | Ka,b.
For a = 4, the feasible b values are exactly {b ≥ 8 : 3 | b} = {9, 12, 15, 18, 21, . . . }. By
Lemma 4, K4,9, K4,12, and K4,15 are verified. Writing b = 9i + 12j + 15ℓ with i, j, ℓ ≥ 0:
since {3, 4, 5} (the coefficients of 9, 12, 15 in units of 3) generate every integer ≥ 3 as a non-
negative combination—3, 4, 5 themselves, then 6 = 3 + 3, 7 = 3 + 4, 8 = 4 + 4, and every
k ≥ 6 by adding 3’s to a representative of k mod 3 ∈ {6, 7, 8}—every b ∈ {9, 12, 15, 18, . . . }
is such a combination, and Corollary 2 applied repeatedly, bridging with whichever of
K4,9, K4,12, K4,15 is needed at each step, gives HS12 | K4,b.

Remark 4. Combined with Theorem 2 (a = 6), this resolves HS12 | Ka,b for every a ∈ {4, 5, 6, 7},
b ≥ 8.

The Free Regime a, b ≥ 8

Once both sides have a width ≥ 8, a block may choose either orientation—P in the
a-side or P in the b-side—since both sides now satisfy the mild bound (≥4) as well as
the strict bound (≥8). We show this restores full flexibility: the forced-orientation gap of
Theorem 1 disappears entirely, and the two regimes (forced below width 8, free at or above
it) sit as different chapters of the same theorem.

Lemma 5. Assume a, b ≥ 8 and 12 | ab. Then, at least one of a, b is divisible by 3.

Proof. Since 12 = 4 × 3 | ab, we have 3 | ab, hence (as 3 is prime) 3 | a or 3 | b; pick
either side with this property as the Q-side. Running a single-orientation construction
with Q fixed on that side requires only the following: that side ≥ 8 (true, as both a, b ≥ 8)
and 3 divides it (true by choice); the complementary P-side needs only ≥4, which holds
automatically since a, b ≥ 8 ≥ 4.

Fix such a side and call it the Q-side for a single-orientation construction (every block
places Q there, P on the other side). This choice is available for both sides in general—a
genuine choice, not a further restriction—and, if the chosen Q-side is b, then say that
Theorem 1’s degree argument, run in reverse with the roles of P, Q exchanged, requires no
condition on a at all beyond a ≥ 4 (satisfied since a ≥ 8). Consequently, whenever a, b ≥ 8
and 12 | ab, some single orientation is arithmetically eligible; the remaining question is
purely combinatorial existence, which is resolved by the following base cases.

Lemma 6 (Verified base decompositions, free regime). Each of K9,16 and K15,16 is HS12-
decomposable.

Proof. Split the size-16 side into four blocks of size 4: 16 = 4 + 4 + 4 + 4. By Lemma 4,
K4,9 is HS12-decomposable; applying the a-side bridge of Corollary 2 three times to four
disjoint copies of this decomposition, one per block, gives

K16,9 = K4,9 ⊕ K4,9 ⊕ K4,9 ⊕ K4,9,
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each summand an independent copy of the certificate already exhibited and verified
in the proof of Lemma 4, on its own disjoint set of f our vertices from the size-16 side
and the shared size-9 side. The identical argument, using K4,15 in place of K4,9, gives
K16,15 = K4,15 ⊕ K4,15 ⊕ K4,15 ⊕ K4,15. Both constructions are thus explicit and hand-
checkable given the base certificate already reproduced above with no further compu-
tation required.

Theorem 4. For a, b ≥ 8, HS12 | Ka,b if and only if 12 | ab.

Proof. The necessity is Proposition 3. For sufficiency, let a0, b0 be the representatives of
a, b (mod 12) lying in {8, . . . , 19}. Writing a = a0 + 12i, b = b0 + 12j for i, j ≥ 0, one
checks ab ≡ a0b0 (mod 12), so 12 | ab ⇐⇒ 12 | a0b0; it therefore suffices to resolve every
representative pair (a0, b0) with 8 ≤ a0 ≤ b0 ≤ 19 and 12 | a0b0—there are exactly 21 such
pairs—and then bridge.

For the bridging step: by Theorem 3 and Lemma 4, HS12 | Kr,12 for r ∈ {4, 5, 6, 7};
writing any x ≥ 4 as x = r + 4k with r ∈ {4, 5, 6, 7}, k ≥ 0, and applying Lemma 3 to split
the x-side into a block of size r and k blocks of size 4 gives HS12 | Kx,12 for every integer
x ≥ 4; by symmetry, the same holds for K12,x. Corollary 2 then lets us grow either side of
any verified pair by 12 at a time without further hypotheses on the other side beyond ≥4.

For the 21 representative pairs themselves: twelve involve a0 = 12 or b0 = 12 and are
resolved directly by the universal fact just proved. Of the remaining nine, (8, 9), (8, 15),
(8, 18), (10, 18), (14, 18), (16, 18), and (18, 18) are each obtained for free by Lemma 3,
splitting one side into parts of size 4 and/or 6 and combining already established pieces
K4,9, K4,15, K4,18 (=K4,9 ⊕ K4,9, itself free), and K6,18; for instance, K8,18 = K4,18 ⊕ K4,18,
K14,18 = K8,18 ⊕ K6,18, and K18,18 = K4,18 ⊕ K4,18 ⊕ K6,18 ⊕ K4,18. The final two, (9, 16) and
(15, 16) (see Figure 4), are resolved by the direct certificates of Lemma 6. This exhausts all
21 representative pairs.

Figure 4. HS12-decomposition of K15,16.

Theorem 5. Let a, b ≥ 1, m = min(a, b), M = max(a, b). Then, HS12 | Ka,b if and only if all of
the following hold:

(i) m ≥ 4 and M ≥ 8;
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(ii) 12 | ab;
(iii) It is not the case that m = 6 and M is even with 3 ∤ M.

Proof. The necessity of (i) is Lemma 2; of (ii) is Proposition 3; of (iii) is Corollary 3. For
sufficiency: if m < 8, then m ∈ {4, 5, 6, 7} by (i), and the claim is Theorem 3 (condition (iii)
restricting exactly the m = 6 sub-case, which is vacuous for m ∈ {4, 5, 7} by Remark 3).
If m ≥ 8, the claim is that Theorem 4 (condition (iii) is automatically vacuous, since it
requires m = 6 < 8).

4. HS12-Decomposition of Ka

This section settles the complete-graph host case. The characterisation is obtained from
two ingredients: an elementary arithmetic necessary condition and a recursive construction
that reduces every admissible order to four base cases.

4.1. Necessary Conditions

Proposition 4 (Necessary condition). If HS12 | Ka, then a ≥ 12 and 24 | a(a − 1); equivalently,
a ≥ 16 and

a ≡ 0, 1, 9, or 16 (mod 24).

Proof. Since HS12 has twelve vertices, an embedding requires a ≥ 12. Each copy of HS12

contributes exactly 12 edges and |E(Ka)| = (a
2) = a(a − 1)/2, so a decomposition into t

copies forces a(a − 1)/2 = 12t, i.e., 24 | a(a − 1).
For the residue form, write 24 = 8 · 3. Since a and a − 1 are coprime, 8 | a(a − 1)

forces 8 | a or 8 | a − 1, and 3 | a(a − 1) forces 3 | a or 3 | a − 1. Combining the four cases
by the Chinese Remainder Theorem gives a ≡ 0, 1, 9, 16 (mod 24). Finally, a ≡ 0, 1, 9, 16
(mod 24) together with a ≥ 12 excludes a = 12 (as 12 · 11 = 132 is not divisible by 24) and
leaves a ≥ 16.

Remark 5. Unlike the bipartite host case, no degree obstruction arises here. Every vertex of Ka has
the same degree a − 1, and HS12 supplies vertices of degree 3, 2, and 1; since gcd(3, 2, 1) = 1, any
degree budget a − 1 admits a representation 3h + 2n + ℓ with h, n, ℓ ≥ 0. The arithmetic condition
of Proposition 4 is therefore the only local obstruction.

4.2. A Recursive Construction

The following splitting is the complete-graph analogue of the peel-and-bridge
Lemma 3, and it is what allows an infinite family to be reduced to finitely many base cases.

Lemma 7 (Complete-graph splitting). For any a, b ≥ 1,

Ka+b = Ka ⊕ Kb ⊕ Ka,b,

in the sense of Definition 6.

Proof. Partition V(Ka+b) into disjoint sets A and B with |A| = a, |B| = b. Every edge of
Ka+b has both endpoints in A, both endpoints in B, or one endpoint in each; these three
cases are mutually exclusive and exhaust E(Ka+b), and the induced subgraphs are precisely
Ka, Kb, and Ka,b.

Corollary 4 (Recursive bridge). If HS12 | Ka, HS12 | Kb, and HS12 | Ka,b, then HS12 | Ka+b.

Proof. The following is immediate from Lemma 7: concatenating the three decompositions
yields a set of edge-disjoint HS12-copies whose union is exactly E(Ka+b).
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Because the middle term Ka,b is governed by the complete bipartite characterisation
already established in Theorem 5, Corollary 4 converts the complete-graph problem into a
purely arithmetic reachability question.

4.3. Base Cases

Lemma 8 (Verified base decompositions). Each of K16, K24, K25, and K33 is HS12-decomposable
into 10, 23, 25, and 44 blocks, respectively.

Proof. As in Lemma 4, the proof consists of exhibiting an explicit collection of edge-disjoint
HS12-copies whose union is the full edge set; this is the definition of a decomposition,
and exhibiting one is the proof. Each certificate was produced by the CP-SAT model
of Section 7 and independently re-verified by a separate routine, sharing no code with
the solver, which reconstructs every block’s twelve edges and confirms pairwise edge-
disjointness together with the exact coverage of E(Ka).

The smallest instance, K16 (with (16
2 ) = 120 = 10 × 12 edges), is decomposed by the

ten blocks below, which is written in the matrix notation of Definition 2 with vi denoting
the i-th vertex of K16 (0-indexed):

H1 =

(
v3 v15 v2 v13

v0 v4 v14 v10 v11 v12 v9 v1 v0

)
,

H2 =

(
v14 v15 v4 v13

v11 v0 v9 v2 v8 v7 v12 v5 v11

)
,

H3 =

(
v15 v8 v11 v7

v13 v6 v3 v4 v1 v14 v0 v2 v13

)
,

H4 =

(
v15 v9 v7 v2

v8 v0 v6 v14 v3 v11 v4 v12 v8

)
,

H5 =

(
v9 v10 v12 v13

v11 v8 v5 v6 v15 v2 v14 v7 v11

)
,

H6 =

(
v11 v10 v1 v9

v15 v3 v13 v7 v6 v8 v14 v5 v15

)
,

H7 =

(
v15 v11 v2 v7

v10 v8 v13 v1 v12 v3 v5 v4 v10

)
,

H8 =

(
v11 v15 v0 v2

v6 v4 v7 v1 v5 v9 v3 v10 v6

)
,

H9 =

(
v3 v7 v5 v12

v1 v8 v9 v4 v13 v0 v10 v2 v1

)
,

H10 =

(
v14 v5 v9 v4

v12 v6 v2 v7 v10 v1 v15 v0 v12

)
.

A direct count confirms that these 10 × 12 = 120 edges are pairwise distinct and
exhaust E(K16). The certificates for K24, K25, and K33 are of the identical explicit form and
are given in full in the Supplementary Information.
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4.4. The Master Theorem

Theorem 6 (Complete characterisation for Ka). For every integer a ≥ 1,

HS12 | Ka ⇐⇒ a ≥ 16 and a ≡ 0, 1, 9, 16 (mod 24).

Proof. The necessity is Proposition 4.
For sufficiency, we induct on a. The four smallest admissible orders, a = 16, 24, 25, 33,

are Lemma 8. Let a ≥ 40 be admissible and suppose every admissible order smaller than a
is HS12-decomposable. Choose r ∈ {16, 24, 25, 33} according to the residue of a:

r =


24, a ≡ 0 (mod 24),

25, a ≡ 1 (mod 24),

33, a ≡ 9 (mod 24),

16, a ≡ 16 (mod 24),

and set c = a − r. In each case, r ≡ a (mod 24), so 24 | c; hence, c ≡ 0 (mod 24) is
admissible, and c ≥ 16 because a ≥ 40 and c = a − r is a positive multiple of 24. By the
induction hypothesis HS12 | Kc, and HS12 | Kr by Lemma 8.

It remains to check HS12 | Kr,c via Theorem 5. In every case, min(r, c) ≥ 16 > 6,
so the exceptional family at min = 6 is vacuous, and min(r, c) ≥ 4, max(r, c) ≥ 8 hold.
The divisibility 12 | rc holds in each case because 24 | c:

• r = 24 or r = 16: 12 | rc since 12 | 24 | c;
• r = 25: gcd(25, 12) = 1, and 12 | c, so 12 | 25c;
• r = 33: 33c = 3 · 11 · c and 4 | 24 | c, so 12 | 33c.

Hence, HS12 | Kr,c, and Corollary 4 gives HS12 | Ka = Kr+c. The two remaining orders
below the induction threshold, a = 40 = 16 + 24 and a = 48 = 24 + 24, follow directly
from Corollary 4 together with Theorem 5 (as 12 | 16 · 24 and 12 | 24 · 24).

Remark 6. The complete-graph case is thus exception-free: unlike the bipartite host (m = 6) and
the tripartite host (K2,2,c, K1,4,c, K1,6,6, K2,3,6), no admissible order fails. The structural reason is the
one noted after Proposition 4: Ka is vertex-transitive and regular, so the width and degree-scheduling
obstructions that drive the exceptional families elsewhere in this paper cannot arise, and the sole
constraint is arithmetic.

5. HS12-Decomposition of Ka,b,c

Remark 7. This section reuses several single-letter symbols with meanings local to the subsection
in which they appear; the Table 1 below fixes each one’s scope to help a reader carry the correct
meaning forward.

Table 1. Notation used in HS12 | Ka,b,c

Symbol Meaning (Scope)

a, b, c sizes of the three parts of Ka,b,c (throughout)
t number of HS12-blocks in a decomposition, t = (ab + bc + ca)/12 (throughout)

m, M min(a, b), max(a, b)—only in Section 3’s bipartite theory; re-purposed in Section 5.5 as
the residue-family index c = 12m + 4

A, B, C the three parts of Ka,b,c, treated as vertex colours (Section 5.4 onward whenever a
hub-method or colouring argument is used)

v0 the unique vertex of a singleton part (a = 1), Sections 5.5 and 5.6 only
D v0’s degree, D = b + c, Sections 5.5 and 5.6 only

x, y, z counts of v0’s appearances as hub, non-hub, leaf, respectively, across the t blocks,
Section 5.6 only

k v0’s total appearance count, k = x + y + z, Section 5.6 only; unrelated to the family
index k of HS3k used in Sections 1 and 2
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Remark 8. The tripartite necessary condition follows the same edge-count argument as the bipartite
case (Proposition 3): since |E(Ka,b,c)| = ab + bc + ca and each HS12-copy contributes 12 edges,
HS12 | Ka,b,c forces 12 | (ab + bc + ca).

Write q(a, b, c) = ab + bc + ca. Since 12 = 4 · 3 with gcd(4, 3) = 1, the Chinese Remainder
Theorem gives

12 | q(a, b, c) ⇐⇒ 4 | q(a, b, c) and 3 | q(a, b, c).

Let k = #{x ∈ {a, b, c} : x odd}. If k ≥ 2, then some product in q is odd, while the other two
have opposite parity contributions, whence q ≡ 1 (mod 2) and 4 ∤ q. If k = 0, then 4 | ab, bc, ca
termwise. If k = 1, say a odd and b = 2β, c = 2γ, then

q ≡ bc ≡ 4βγ ≡ 0 (mod 4) ⇐⇒ b ≡ c (mod 4),

the last equivalence following from q = a(b + c) + bc and b + c ≡ 0 (mod 4) exactly when b ≡ c
(mod 4) for b, c even. Hence,

4 | q(a, b, c) ⇐⇒
(
2 | a, 2 | b, 2 | c

)
or
(
k = 1 and the two even entries agree mod 4

)
. (4)

Modulo 3, reduce to a′, b′, c′ ∈ Z3. If at least two of a′, b′, c′ vanish, then every term of q
carries a factor of 3; otherwise, q ≡ a′b′ + b′c′ + c′a′ (mod 3), and enumerating Z3

3 shows this
vanishes precisely when a′ = b′ = c′. Hence,

3 | q(a, b, c) ⇐⇒ #{x : 3 | x} ≥ 2 or a ≡ b ≡ c (mod 3). (5)

Conditions (4) and (5) together are equivalent to 12 | q(a, b, c), and they are referred to below
as (i) and (ii).

5.1. The Biclique Structure of Ka,b,c and the Hub Method

Theorem 7 (Biclique partition number of Ka,b,c). For every a, b, c ≥ 1, the minimum size of
a biclique partition of Ka,b,c is exactly 2, which is realised by one of the three hub decompositions
{KX,Y∪Z, KY,Z}, {KY,X∪Z, KX,Z}, {KZ,X∪Y, KX,Y}.

Proof. No single biclique can equal E(Ka,b,c): a biclique’s two sides cannot both meet
the same part of Ka,b,c, so with three parts split between two sides, some pair of parts
shares a side and the edges between them are missing. This gives the lower bound 2; each
hub decomposition is readily checked to be a valid biclique partition of size 2, giving the
upper bound.

Corollary 5 (Hub sufficiency). If the hub-H condition (Definition 5) holds for some
H ∈ {X, Y, Z}, then HS12 | Ka,b,c.

Proof. By Theorem 7, the hub-H biclique partition splits E(Ka,b,c) edge-disjointly into a
copy of K|H|,|Q|+|R| and a copy of K|Q|,|R|; if the hub-H condition holds, Theorem 5 supplies
an HS12-decomposition of each, whose union decomposes Ka,b,c.

Corollary 6 (Embedding-width obstruction). If min(a, b, c) < 4, no hub condition holds for
Ka,b,c, for any values of the other two parts.

Proof. Say a < 4. Hub-X requires HS12 | Ka,b+c, which is impossible by Lemma 2 since
a < 4. Hub-Y requires HS12 | Ka,c, which is impossible for the same reason; hub-Z requires
HS12 | Ka,b, which is likewise impossible. Every hub choice fails on a sub-condition that is
structurally unsatisfiable.
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Remark 9. This does not mean Ka,b,c itself is never HS12-decomposable when a part is below
4—only that the hub method cannot certify it, since a single copy of HS12 embedded in a tripartite
host is free to properly 3-colour its octagon across all three parts at once, which is a possibility no
2-biclique partition can see. Because HS12’s bipartite embedding width is only 4 on the P-side (as
opposed to the width the pendant-free class of a symmetric sunlet-type graph of the same order
would carry), the obstruction of Corollary 6 bites only below min = 4, leaving a comparatively
small region of the domain uncertified by the hub method alone.

Lemma 9. For any a, b, c ≥ 1 and any splitting c = c1 + c2 with c1, c2 ≥ 0,

Ka,b,c = Ka,b,c1 ⊕ Ka+b, c2 ,

the second summand being the complete bipartite graph between X ∪ Y and the peeled block of size
c2. The analogous splitting holds with the roles of a, b, c permuted.

Proof. Partition Z into Z1 (size c1) and Z2 (size c2). Every edge of Ka,b,c has both endpoints
in X ∪ Y ∪ Z1 or one endpoint in Z2 and the other in X ∪ Y; these two cases partition
E(Ka,b,c) exactly.

Lemma 10. If HS12 | Ka,b,c and a + b ≥ 4, then HS12 | Ka,b,c+12. The analogous statement holds
for growing either of the other two parts by 12 under the corresponding sum condition.

Proof. Apply Lemma 9 with c1 = c, c2 = 12: Ka,b,c+12 = Ka,b,c ⊕Ka+b,12. The first summand
is HS12-decomposable by hypothesis; the second is HS12-decomposable by the universal
fact established in the proof of Theorem 4 (HS12 | Kx,12 for every integer x ≥ 4), since
a + b ≥ 4. The union decomposes Ka,b,c+12.

Remark 10. This bridge is comparatively unrestrictive: only the sum of the two fixed parts need
reach 4—a condition satisfied by essentially every triple of interest, including many with one very
small part—because HS12 | Kx,12 was established for every x ≥ 4 rather than merely for x above
some larger width threshold.

Corollary 7. For a, b, c ≥ 1, let a0, b0, c0 ∈ {1, . . . , 12} be the representatives of a, b, c modulo 12
obtained by taking the usual residue in {0, . . . , 11} and replacing it with 12 whenever that residue
is 0 (so that every representative is a positive part size, never a degenerate 0). If HS12 | Ka0,b0,c0 ,
and each pairwise sum among the eventual a, b, c never drops below 4 during the construction
(automatic once a0, b0, c0 ≥ 2, say), then HS12 | Ka,b,c for the entire matching residue class.

Proof. Write a = a0 + 12i, b = b0 + 12j, c = c0 + 12k for i, j, k ≥ 0. Apply Lemma 10 i times
to grow a0 → a (using b0 + c0 ≥ 4, preserved as b, c only grow), j times to grow b0 → b,
and k times to grow c0 → c; each application’s sum-condition remains satisfied throughout
since the parts involved only increase.

5.2. Master Theorem for min(a, b, c) ≥ 8

When all three parts are ≥8, Theorem 4 applies to every bipartite piece the hub method
could need, and condition (iii) of Theorem 5 (the m = 6 exceptional family) can never
trigger, since every quantity involved—each original part, and each pairwise sum—is at
least 8 > 6. The hub-P condition therefore reduces to pure divisibility.

Corollary 8. Let a, b, c ≥ 8. The hub-P condition (for P = A, say, with Q = B, R = C) holds if
and only if 12 | bc and 12 | a(b + c).
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Proof. The following is immediate from Theorem 5: since b, c ≥ 8 and a, b + c ≥ 8,
condition (i) (widths) holds automatically and condition (iii) (the m = 6 family) is vacuous
in both bipartite pieces, leaving only 12 | bc and 12 | a(b + c).

Direct enumeration over residues modulo 12 (Lemma 10 lets us work entirely at the
level of residues, exactly as in Corollary 7) identifies exactly 16 residue patterns (a, b, c) mod
12, up to permutation, satisfying the necessary condition of Remark 8 for which no hub
choice is divisibility compatible in the sense of Theorem 8:

(1, 4, 4), (1, 10, 10), (2, 2, 2), (2, 2, 5), (2, 2, 8), (2, 2, 11), (2, 8, 8),

(4, 4, 4), (4, 4, 7), (4, 4, 10), (4, 10, 10), (5, 8, 8), (7, 10, 10),

(8, 8, 8), (8, 8, 11), (10, 10, 10).

Theorem 8 (Sixteen hub-incompatible patterns). Among the 52 residue triples (a, b, c) mod 12,
0 ≤ a ≤ b ≤ c ≤ 11, satisfying 12 | (ab + bc + ca), exactly 16 (listed above) admit no divisibility-
compatible hub choice. Nonetheless, every one of the sixteen representative instances—K8,8,8,
K8,8,11, K14,8,8, K10,10,10, K17,8,8, K13,10,10, K14,14,14, K14,14,17, K14,14,8, K14,14,11, K16,16,16, K16,16,19,
K16,16,10, K16,10,10, K19,10,10, and K13,16,16—realising each of the sixteen patterns at its minimal
admissible part sizes ≥ 8, is nonetheless HS12-decomposable; by an explicit non-hub construction,
each vertex of which properly 3-colours the octagon of HS12 across all three parts.

Proof. The enumeration is a finite check over 52 residue triples, which is verified by
direct computation. For each of the sixteen representative instances, the theorem’s claim
is proved by exhibiting an explicit, finite collection of HS12-blocks—the same standard
of proof as Lemma 4—each independently re-verified by a program checking pairwise
edge-disjointness and the exact coverage of E(Ka,b,c), sharing no code with whichever
method produced the certificate.

As a representative illustration, the first block of the smallest instance, K8,8,8 (16 blocks
total, reproduced in full in Appendix B), is

H1 =

(
Y5 Z5 X4 Z2

X0 Z6 Y7 Z0 Y0 Z3 Y4 Z1 X0

)
.

A direct check confirms this block properly 3-colours the octagon: hubs X0, Y7, Y0, Y4

and non-hubs Z6, Z0, Z3, Z1 alternate between two of the three parts with pendant leaves
Y5, Z5, X4, Z2 drawn from whichever part is not already used at each hub—exactly the
proper-3-colouring condition stated in the theorem. The remaining fifteen blocks of K8,8,8,
and all fifteen other instances, are of the identical explicit, independently re-verified form,
which is given in full in Appendix B. By Corollary 7 (applicable since every part in all
sixteen representatives is ≥8 ≥ 2), and each of the sixteen resolved patterns extends to its
full matching residue class.

Corollary 9. HS12 | Ka,b,c for every a, b, c ≥ 8 satisfying 12 | (ab + bc + ca), with no exceptions:
the sixteen hub-incompatible residue patterns of Theorem 8 are all realised by an explicit non-hub
construction, and every other pattern is realised by the hub method of Theorem 8.

Theorem 9. Let a, b, c ≥ 8. Then, HS12 | Ka,b,c if and only if 12 | (ab + bc + ca).

Proof. The necessity is Remark 8. For sufficiency, if the residue pattern (a, b, c) mod 12 is
not one of the sixteen listed in Theorem 8, HS12 | Ka,b,c is certified by Theorem 8 together
with Corollary 5 for some hub choice; if it is one of the sixteen, HS12 | Ka,b,c is certified
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instead by Corollary 9. Together, these cover every residue pattern satisfying the necessary
condition via the residue-reduction of Corollary 7 in each branch.

5.3. Small Parts: An Illustrative Example

Below the embedding width, the hub method is structurally blocked (Corollary 6),
yet direct, genuinely tripartite constructions can still succeed. We record the smallest fully
symmetric instance.

Example 1 (K4,4,4). Take a = b = c = 4. The following is a necessity: ab + bc + ca = 3× 16 = 48,
and 12 | 48. The hub is structurally blocked for every choice: hub-X requires HS12 | K4,8 (fails:
12 | 32 is false, and in any case 3 ∤ 8, so Theorem 3 excludes it) and, independently, HS12 | K4,4

(fails outright: max(4, 4) = 4 < 8, violating Lemma 2). By symmetry, every hub choice fails on its
K4,4 sub-piece. An explicit 4-block decomposition (see Figure 5), found by the CP-SAT model of
Section 7 and independently re-verified, is given in Appendix B.

Figure 5. HS12-decomposition of K4,4,4.

Proposition 5 (Reducing the domain to a finite table). Example 1 shows the phenomenon
persists at HS12’s own embedding width. Yet the domain min(a, b, c) < 8, though infinite, reduces
to a finite verification, as follows.

(i) Residue-dependence. Write a ≤ 7 for the smallest part (WLOG). Fixing a and writing
b = b1 + 12i, c = c1 + 12j for b1, c1 ∈ {0, . . . , 11}, i, j ≥ 0, direct expansion gives

ab + bc + ca = (ab1 + b1c1 + ac1) + 12
(
ai + b1 j + ic1 + 12ij + aj

)
,

so ab + bc + ca ≡ ab1 + b1c1 + ac1 (mod 12): the necessary condition 12 | (ab + bc + ca)
depends on b, c only through their residues b1, c1; it does not depend on i, j.

(ii) Reduction to finitely many base cases. By (i) and Corollary 7, any single verified represen-
tative (a, b1, c1) extends to the entire matching residue class of b, c. So, every triple with
min(a, b, c) < 8 is governed by one of finitely many base cases (a, b1, c1), 1 ≤ a ≤ 7,
b1, c1 ∈ {0, . . . , 11}.

(iii) Degenerate cases reduce to the bipartite theorem. If b1 = 0 (i.e., 12 | b), the repeated
application of Lemma 9 (permuted to peel the b-part) splits b = 12k into Ka,b,c = Ka,12,c ⊕
Ka+c,12 ⊕ · · · ⊕ Ka+c,12︸ ︷︷ ︸

k−1

; each bipartite summand is settled by Theorem 5 directly, and the
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tripartite remainder Ka,12,c is settled by the hub-B choice of Corollary 5, whose two sub-
conditions are K12,a+c (automatic, as 12 is never the exceptional value 6) and Ka,c (again
Theorem 5). So, b1 = 0 (or symmetrically c1 = 0) requires no new tripartite verification
at all.

(iv) Exact count. Excluding the degenerate cases by (iii), the remaining base cases are exactly the
triples (a, b1, c1) with 1 ≤ a ≤ 7, 1 ≤ b1 ≤ c1 ≤ 11, satisfying 12 | (ab1 + b1c1 + ac1).
Direct enumeration over this explicit, finite set of 7 × (11

2 )-bounded candidates–an elementary
divisibility check, not a decomposition search–gives exactly 41 such triples, 28 of which
are distinct once a, b1, c1 are treated as an unordered set (i.e., once instances differing only
by which of the three equal-role labels is called a are identified); every one of these 41 we
resolve below.

5.4. A Genuine Infinite Exceptional Family: a = b = 2

Unlike the isolated small exceptions of the min(a, b, c) ≥ 8 theory–each resolved by
finding a single sufficiently large representative–the pair a = b = 2 produces a family that
is exceptional for a structural reason independent of c.

Theorem 10 (The (2, 2, c) obstruction). HS12 ∤ K2,2,c for every c ≥ 1.

Proof. Write A, B for the two size-2 parts and C for the third. Since |A| = |B| = 2, any
embedding of a single copy of HS12 into K2,2,c assigns each of the twelve HS12-vertices a
colour in {A, B, C} (its host part) subject to the following: (i) every HS12-edge—each of the
eight octagon edges and each of the four pendant edges—joins two differently coloured
vertices (since K2,2,c has no edges within a part); and (ii) at most two vertices are coloured
A and at most two are coloured B (there are only two actual vertices available in each part,
and a single copy of HS12 cannot reuse a host vertex for two of its own vertices). There is
no upper bound on how many vertices are coloured C.

We claim no admissible colouring realises an A-B edge. Let χ : V(HS12) → {A, B, C}
satisfy (i) and (ii), and write H = {c0, c2, c4, c6} for the hubs, N = {c1, c3, c5, c7} for the
non-hub cycle vertices and L = {p0, p2, p4, p6} for the leaves, so that V(HS12) = H ⊔ N ⊔ L
with |H| = |N| = |L| = 4. Put α = χ−1(A), β = χ−1(B), so (ii) reads |α| ≤ 2, |β| ≤ 2.

An exhaustive enumeration of the 312 maps χ, retaining those satisfying (i)–(ii), returns
exactly six colourings, which are characterised by

α ∪ β = H, |α| = |β| = 2, χ(N ∪ L) = {C}, (6)

i.e., the (4
2) = 6 ways of splitting the four hub slots between A and B. Indeed, any χ

violating (6) fails (i)–(ii): if some c2i ∈ H has χ(c2i) = C, then its leaf p2i needs a colour
in {A, B} by (i), and since |α|+ |β| ≤ 4 is already exhausted on H, this forces |α ∪ β| > 4,
contradicting (ii); and if two adjacent vertices of the octagon both lie in α ∪ β, then the
intervening non-hub must take the third colour, again by (i).

Under (6), every edge of HS12 has one endpoint in H = α ∪ β and the other in
N ∪ L ⊆ χ−1(C), since H is an independent set in the octagon and each leaf is adjacent
only to its hub. Hence,

χ(u) ̸= A or χ(v) ̸= B for every uv ∈ E(HS12),

so no A-B edge occurs.
Since no single HS12-block can contain an A-B edge, no decomposition of K2,2,c, which

requires covering all ab = 4 edges between A and B can exist for any c.
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Remark 11. Theorem 10 is a genuine structural obstruction rather than a finite-representative
artefact: the necessary condition of Remark 8 restricts c to c ≡ 2 (mod 3) when a = b = 2, and we
verified Theorem 10’s conclusion computationally at representatives of all four resulting residues
modulo 12 and at multiple scales within each (c = 2, 5, 8, 11, 14, 17, 20, 23, 26), which is consistent
with the proof.

Remark 12 (Why 2 specifically: the structural reason). The obstruction traces directly to
HS12’s own bipartition (Remark 2): hub positions c0, c2, c4, c6 are pairwise non-adjacent in the
octagon, so every HS12-edge joins a hub to a non-hub or a leaf—never hub to hub. An A-B edge
can therefore only arise if one of A, B supplies non-hub/leaf vertices—but that role requires eight
vertices (Lemma 2), which is far more than the two available in either part. Consequently, A, B can
only ever supply hub–role vertices, between which no edge exists. This is not an artefact of c = 2
specifically: the same argument shows any part of size < 8 can never supply a non-hub/leaf role
alongside a size-2 partner, so the obstruction is really a collision between the smallest possible part
size and HS12’s own larger bipartition class.

5.5. A Second Infinite Exceptional Family: a = 1, b = 4

A structurally different obstruction, arising from a single vertex’s own degree budget
rather than a two-part supply cap, appears at a = 1, b = 4.

Lemma 11. Let a = 1 and let b, c ≥ 1 satisfy 12 | (b + bc + c). Write v0 for the unique vertex
of the singleton part, D = b + c for its degree, and t = (b + bc + c)/12 for the number of blocks.
In any single HS12-block containing v0, every edge incident to v0 is unavailable to be a B-C edge
(one endpoint is v0 itself), so the number of B-C edges realised in that block is at most 12 minus v0’s
degree contribution in that block (3 if v0 is a hub, 2 if a non-hub cycle vertex, 1 if a leaf, 0 if absent).
Summed over all t blocks, the total number of B-C edges realisable by any decomposition is at most
12t − D. Since

12t − D = (b + bc + c)− (b + c) = bc,

exactly the number of B-C edges required, every block must realise its own individual maximum
with no slack anywhere.

Proof. The bound per block is immediate: v0’s own edges in that block are A-B or A-C,
never B-C, so at most 12 minus that count can be B-C. Summing over blocks and using
∑(v0’s degree contributions) = D (every one of v0’s D edges is realised in exactly one
block) gives the stated bound. The identity 12t − D = bc is direct algebra from the
definitions of t and D. Since K1,b,c requires exactly bc B-C edges and the bound shows at
most bc are achievable, equality is forced throughout.

Theorem 11. HS12 ∤ K1,4,c for every c ≡ 4 (mod 12).

Proof. Write c = 12m + 4 for m ≥ 0; direct computation gives D = b + c = 12m + 8 and
t = 5m + 2. By Lemma 11, every block must realise its individual maximum B-C count.
Exhaustive enumeration of the (at most) 312 colourings of HS12’s vertices with {A, B, C},
one vertex forced to A (namely v0) and at most 4 to B, confirms this maximum equals
exactly 12 minus v0’s degree-contribution in that block–9 if v0 is a hub, 10 if a non-hub
cycle vertex, 11 if a leaf, 12 if v0 is absent–and identifies, for each of v0’s four possible roles,
exactly which colourings attain it:

• v0 absent (max 12): a unique colouring, up to the choice of which four vertices are
B–namely, hub = B, everything else = C–since this is the only way to route every
edge between a hub and a non-hub/leaf while both sides differ in colour.
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• v0 a leaf (max 11), or v0 a non-hub cycle vertex (max 10): in both cases, exactly f our
colourings attain the maximum, one for each of v0’s f our possible positions within
that role, and in every one of them, all four hub positions are B.

• v0 a hub (max 9): exactly eight colourings attain the maximum, two for each of v0’s
f our possible hub positions–one using all f our B-vertices (the fourth as v0’s own
pendant leaf), one using only three (with v0’s leaf coloured C)—and in every one of
them, the three hub positions other than v0’s own are all B.

So whenever v0 is not a hub, achieving the block’s maximum forces all f our hub
positions to be B; whenever v0 is a hub, it forces the remaining three to be B regardless
of which of the two maximum-achieving configurations is used. Hence, if v0 is a hub
in exactly x of the t blocks, the total number of hub appearances forced onto the four
B-vertices, summed over the whole decomposition, is exactly

3x + 4(t − x) = 4t − x.

This demand must be met by the four B-vertices’ combined hub-appearance capacity.
Each B-vertex has a degree of 1 + c = 12m + 5, and each hub appearance costs it 3 of that
degree, so no B-vertex can be a hub more than ⌊(12m + 5)/3⌋ = 4m + 1 times; the four
together supply at most 4(4m + 1) = 16m + 4 hub appearances.

On the demand side, v0’s hub count x satisfies 3x ≤ D (its hub appearances alone
cannot exceed its total degree), so x ≤ ⌊D/3⌋ = ⌊(12m + 8)/3⌋ = 4m + 2, giving demand

4t − x ≥ 4t − (4m + 2) = 4(5m + 2)− (4m + 2) = 16m + 6.

Since 16m+ 6 > 16m+ 4 for every m ≥ 0, demand strictly exceeds supply regardless of
how v0’s appearances are arranged across the t blocks. Hence, no decomposition exists.

Remark 13 (Why b = 4 specifically: a degree threshold). With a = 1, each vertex of the third
part has a degree of a + b. A hub role costs 3 of a vertex’s degree, so supporting a second hub
appearance requires a degree of ≥ 6. For b ≤ 4, a + b ≤ 5 < 6, capping every such vertex at
one hub appearance ever; for b ≥ 5, a + b ≥ 6, relieving this cap entirely. Since b = 1, 2, 3 are
not even arithmetically admissible with a = 1 (Section 3), b = 4 is the unique value at which the
necessary condition 12 | (ab + bc + ca) holds and this degree cap binds—exactly the combination
Lemma 11’s demand-versus-supply argument exploits. This identifies b = 4 as a genuine boundary
case rather than an arbitrary found value.

5.6. Two Isolated Exceptions

Two further base cases fail at their minimal representative without belonging to an
infinite family: unlike Theorems 10 and 11, a single larger instance in the same literal pair
suffices to restore decomposability from that point onward.

Lemma 12 (Isolated exceptions). HS12 ∤ K1,6,6 and HS12 ∤ K2,3,6, but HS12 | K1,6,c for every
c ≥ 18 with c ≡ 6 (mod 12), and HS12 | K2,3,c for every c ≥ 18 with c ≡ 6 (mod 12).

Proof. The infeasibility of the two minimal instances, and the feasibility of K1,6,18 (see
Figure 6) and K2,3,18 (see Figure 7), are established by direct CP-SAT construction and
independent re-verification. Corollary 7, applied from the verified representatives (1, 6, 18)
and (2, 3, 18) (each with all pairwise sums ≥4), extends feasibility to every larger c ≡ 6
(mod 12) in each family.
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Theorem 12 (Complete characterisation, min(a, b, c) < 8). Let a ≤ b ≤ c with a < 8 and
12 | (ab + bc + ca). Then, HS12 | Ka,b,c if and only if {a, b, c} is not one of the following:

• {2, 2, c} for any c (Theorem 10);
• {1, 4, c} for any c ≡ 4 (mod 12) (Theorem 11);
• {1, 6, 6} or {2, 3, 6} (Lemma 12).

Figure 6. HS12-decomposition of K1,6,18.

Figure 7. HS12-decomposition of K2,3,18.

Proof. The mathematical content of this theorem is the reduction itself (Proposition 5):
every triple with a < 8 is governed, via Corollary 7’s residue-class extension, by one of
finitely many base representatives (a, b1, c1) with a < 8, b1, c1 ∈ {0, . . . , 11}—an explicit,
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finite reasoning step requiring no computation, reducing an infinite claim to 41 concrete
instances. The degenerate cases (b1 = 0 or c1 = 0) are settled by Theorem 5 directly
with no further exceptions. Of the remaining genuinely tripartite base cases, four are
settled by the closed-form arguments of Theorems 10 and 11 and Lemma 12 (an exhaustive
colouring argument, a degree-scheduling argument, and two isolated single-instance
checks, respectively—none of these four uses certificate search at all). The remaining
base cases are each positive instances, established, as in Lemma 4, by an explicit HS12-
block decomposition; every one is independently re-verified for pairwise edge-disjointness
and exact edge coverage, and representative certificates are reproduced in Appendix C.
Combining these four sources accounts for every one of the 41 base cases, and Corollary 7
extends each to its full residue class, giving the stated characterisation with no case left to
computation alone.

Remark 14. Combined with Theorem 9 for min(a, b, c) ≥ 8, this gives a complete closed-form char-
acterisation of HS12 | Ka,b,c for every triple a, b, c ≥ 1: the necessary condition 12 | (ab + bc + ca)
is sufficient except for the two infinite families {2, 2, c} and {1, 4, c (c ≡ 4 mod 12)} and the
two isolated triples {1, 6, 6}, {2, 3, 6}; all four exceptions were confined entirely to the domain
min(a, b, c) < 8.

Remark 15 (Why the threshold is 8, and prospects for generalisation). The value 8 is not
an artefact of the proof method but is forced by HS12’s own structure: Lemma 2 shows any
embedding of HS12 into a complete bipartite host requires the larger bipartition class (|Q| = 8)
to be accommodated, so no argument—hub-based or otherwise—can avoid this threshold. In the
tripartite hub method (Definition 5), a hub choice’s harder sub-problem K|Q|,|R| falls into the delicate
regime 4 ≤ min(|Q|, |R|) < 8 precisely when some original part is < 8; Theorem 9’s domain
min(a, b, c) ≥ 8 is exactly where this can never happen for any hub choice, which is why it admits
a uniform divisibility criterion while min(a, b, c) < 8 (Theorem 12) instead requires the finite
reduction of Proposition 5 together with the two infinite exceptional families. For the general half-
sunlet family HS3k, whose bipartition classes have sizes k and 2k (Section 2.1), the same reasoning
predicts an analogous threshold at min(a, b, c) ≥ 2k, with the corresponding small-part regime
k ≤ a < 2k requiring case-by-case treatment as it does here at k = 4; confirming this prediction for
general k is a natural next step, which is discussed further in Section 8.

6. A Formal Framework for Certificate-Based Decomposition
The results of Sections 3 and 5 rest on exhibiting explicit combinatorial witnesses. This

section makes that notion fully precise independent of any particular search procedure
used to produce one.

Definition 7 (Block placement). Let G be a complete bipartite or complete tripartite host graph
on vertex set V(G), which is partitioned into its parts. A block placement is an injective map
ϕ from HS12’s twelve labels c0, . . . , c7, p0, p2, p4, p6 into V(G) such that for every edge uv of
HS12, ϕ(u) and ϕ(v) lie in different parts of G (so ϕ(u)ϕ(v) ∈ E(G)). Write ϕ(E(HS12)) =

{ϕ(u)ϕ(v): uv ∈ E(HS12)} for the induced edge set, which is always a 12-element subset of E(G).

Definition 8 (Certificate). A certificate for HS12 | G is a finite sequence of block placements
ϕ1, . . . , ϕt such that the following apply:

(a) (edge-disjointness) ϕi(E(HS12)) ∩ ϕj(E(HS12)) = ∅ for all i ̸= j;
(b) (exact coverage)

⋃t
i=1 ϕi(E(HS12)) = E(G).

Proposition 6 (Certificate existence is decomposability). HS12 | G if and only if a certificate
for HS12 | G exists.
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Proof. It is immediate from Definitions 7 and 8, unpacking the definition of H-decomposability
given in Section 1, that a partition of E(G) into copies of HS12 is exactly a sequence of
block placements satisfying (a)–(b), each ⟨ϕi(E(HS12))⟩ being isomorphic to HS12 by the
construction of ϕi as an injective, edge-respecting map.

Proposition 7 (Verification is mechanical). Given G and a candidate sequence ϕ1, . . . , ϕt, decid-
ing whether it is a certificate (Definition 8) requires checking each ϕi’s injectivity and part-respect
(O(1) per block, 12 labels), the pairwise edge-disjointness across all (t

2) pairs of blocks (O(t2) set
intersections on 12-element sets), and that the union equals E(G) exactly (O(t) once the edge count
12t = |E(G)| is confirmed by Proposition 3 or Remark 8). All three checks are polynomial in t and
involve no search, no heuristic, and no dependence on how the candidate sequence was produced.

By Proposition 6, proving HS12 | G reduces to exhibiting one certificate; by
Proposition 7, confirming that a given sequence is one is a fixed, mechanical procedure
rather than a matter of trusting whatever method found it. The role of the computational
methods described next (Section 7) is therefore solely to search the finite space of candidate
block placements for one satisfying Definition 8 efficiently; the mathematical content—what
must be found, and how a find is checked—is entirely specified above independent of
CP-SAT or any other search procedure.

7. Computational Methodology and Verification
All certificates were produced with Google OR-Tools’ CP-SAT solver [39] and inde-

pendently re-verified. We record the models formally.

7.1. Models

Fix a host G with parts V1, . . . , Vr (r ∈ {1, 2, 3}) and put t = |E(G)|/12. Index the
twelve slots of HS12 by S = {c0, . . . , c7, p0, p2, p4, p6} and its edge set by E(HS12) as in
Definition 2. The decision variables are

σb,s ∈ V(G), b ∈ [t], s ∈ S,

assigning a host vertex to each slot of each block, subject to

ALLDIFFERENT
(
σb,s : s ∈ S

)
, b ∈ [t], (7)

π(σb,u) ̸= π(σb,v), b ∈ [t], uv ∈ E(HS12), (8)

ALLDIFFERENT
(
ε(σb,u, σb,v) : b ∈ [t], uv ∈ E(HS12)

)
, (9)

where π(x) = i iff x ∈ Vi records the part of x, and ε(x, y) is a fixed injective index of the
unordered pair {x, y}. Constraint (7) makes each block a genuine embedding, (8) enforces
that every HS12-edge lands on an edge of G (vacuous when r = 1), and (9) forces the
12t = |E(G)| block-edges to be pairwise distinct, hence a bijection onto E(G). A solution
to (7)–(9) is therefore exactly a certificate in the sense of Definition 8.

7.2. Specialised Variants

Two refinements were needed where (7)–(9) alone proved intractable.

(i) Hybrid greedy/exact. For twelve of the sixteen patterns of Theorem 8 (block counts
up to 72), blocks were placed sequentially by a randomised greedy rule preferring
vertices of least residual degree; the residual edge set R ⊊ E(G) was then closed by
solving (7)–(9) on R alone, under the symmetry-breaking constraints

σb,c0 = min
s∈S

σb,s, σb,c1 < σb,c7 , σb,c0 ≤ σb+1,c0 ,
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which quotient out the dihedral symmetry of the octagon and the ordering of blocks.
(ii) Degree bounds. Each hub role consumes exactly 3 of a vertex’s degree budget, so

writing hv for the number of blocks in which v is a hub,

3hv ≤ degG(v) =⇒ hv ≤
⌊

degG(v)
3

⌋
.

Adding this valid inequality for every v resolved the a = 1 base cases underlying
Theorem 11, which were otherwise out of reach.

7.3. Verification

Every certificate was re-checked by an independent routine sharing no code with
the solver, which recomputes Eb = {{σb,u, σb,v} : uv ∈ E(HS12)} from the raw output
and confirms

|Eb| = 12 (b ∈ [t]), Eb ∩ Eb′ = ∅ (b ̸= b′),
⋃

b∈[t]
Eb = E(G),

i.e., precisely conditions (a)–(b) of Definition 8. By Proposition 7, this check is polynomial
and independent of how the candidate was found. All solver and verifier source code is
provided in the Supplementary Information. No experimental, human-subject, or third-
party data were used.

7.4. Choice of Solver Paradigm

All computations reported in this paper were carried out with the CP-SAT solver of Google
OR-Tools, version 9.15.6755 [39], called through its Python interface. Problems (7)–(9) collec-
tively demonstrate a pure satisfaction problem with no objective, and its constraints are
ALLDIFFERENT predicates, which CP-SAT propagates natively. An ILP encoding of the
same conditions requires auxiliary binaries and big-M linearisations that weaken propa-
gation; unaided backtracking in Python 3.12.3 does not reach the largest instances here
(t ≤ 72). General design-theory packages such as SageMath supply useful primitives but
not the instance-specific symmetry-breaking and degree bounds above, which we imposed
directly on the model. We did not run a formal comparative benchmark; a systematic
comparison across paradigms remains open.

7.5. Computational Environment

Results were obtained with OR-Tools 9.15.6755 under Python 3.12.3 on an Intel
Xeon processor at 2.10 GHz with 3 GB of available memory. Unless stated otherwise,
solver calls used num_search_workers = 8 and a per-instance time limit of 300 s, with the
random seed fixed at 1 so that the specific certificates reported here are reproducible. Two
departures from these defaults were required and are noted where they occur: the largest
complete-graph instance, K33 (44 blocks), was solved with num_search_workers = 1 to
remain within available memory, and a small number of the harder tripartite instances
required an extended time limit or a different seed. Per-certificate parameters are recorded
in the Supplementary Information.

8. Conclusions and Future Work
For the half-sunlet graph HS12, we have characterised the decomposability of all three

complete host families, in each case proving the necessary edge-count condition sufficient
up to an explicitly determined exception set X :
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HS12 | Ka ⇐⇒ a ≥ 16, a ≡ 0, 1, 9, 16 (mod 24); X = ∅,

HS12 | Ka,b ⇐⇒ m ≥ 4, M ≥ 8, 12 | ab; X = {m = 6, 2 | M, 3 ∤ M},

HS12 | Ka,b,c ⇐⇒ 12 | (ab + bc + ca); X =
{
{2, 2, c}, {1, 4, c}c≡4(12), {1, 6, 6}, {2, 3, 6}

}
,

with m = min(a, b), M = max(a, b) (Theorems 6, 5, 9 and 12). Every tripartite exception is
confined to min(a, b, c) < 8. The three rows exhibit a structural gradient |X | = 0, 1, 4: the
vertex-transitive host imposes no width constraint and admits a purely arithmetic criterion,
whereas HS12’s asymmetric 4 + 8 bipartition (Remark 2) produces obstructions as soon as
the host’s vertex classes are prescribed. Every sufficiency claim is backed by an explicit,
independently re-verified certificate; no domain is left open. We also exhibited, in K4,4,4,
that the hub method’s obstruction domain strictly contains the true non-decomposable set.

Three directions remain. First, the degree-scheduling mechanism behind Theorem 11
rests on the identity 12t − D = bc of Lemma 11, which is valid for every a = 1 instance; we
conjecture it governs a general phenomenon.

Conjecture 1. Let a, b ≥ 1 be such that 12 | (ab + bc + ca) for infinitely many c. Then, the
degree-scheduling comparison of Lemma 11, generalised to a part of size a, either exhibits an infinite
exceptional family {a, b, c} or certifies that none arises from this mechanism for the pair (a, b).

The conjecture is consistent with both branches. For a = 1, b ≥ 5, the bound a + b ≥ 6
removes the single-hub cap that forces the deficit at b = 4, and every such base case in
Appendix C is feasible. The boundary pair (a, b) = (1, 6) shows the statement is sharp: no
infinite family occurs, yet K1,6,6 fails (Lemma 12) for reasons unrelated to degree scheduling,
so isolated exceptions must still be checked separately.

Second, whether the analogous characterisations extend to HS3k beyond k = 4 is
open; Section 2.1 predicts a width threshold min ≥ 2k in place of 8. Third, a systematic
comparison of CP-SAT against ILP and general design-theory software on instances of
this type would clarify how much of the observed scalability is attributable to the solver
paradigm rather than to the problem-specific symmetry-breaking used here.

Supplementary Materials: The following supporting information can be downloaded at https://www.
mdpi.com/article/10.3390/math14183354/s1, and it consists of a single Supplementary Information
PDF document containing the full source code for every solver and independent verifier script used in
this paper; complete detailed proofs, with independent computational corroboration, of Theorem 10 (the
K2,2,c obstruction) and Theorem 11 (the K1,4,c obstruction), and a description of the accompanying JSON
certificate data files.
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Appendix A. Bipartite Base-Case Certificates
This appendix documents the nine base bipartite decompositions underlying

Theorems 3 and 4. Each certificate was found using the CP-SAT model of Section 7 and
independently re-verified by a separate routine confirming the listed blocks are pairwise
edge-disjoint copies of HS12 whose union is exactly the edge set of the stated graph. To
keep this paper to a reasonable length, only one representative certificate is reproduced
in full below in the matrix form of Definition 2 (bottom row: the host vertices assigned
to the octagon c0, . . . , c7, c0 in cyclic order; top row, in the column immediately following
each hub, the host vertex assigned to its pendant leaf; host vertices labelled Xi for the i-th
vertex of the part of size a and Yi for the i-th vertex of the part of size b, both 0-indexed).
The remaining eight certificates are provided in full, in the same machine-readable and
matrix-notation form, in the accompanying Supplementary Information.

Appendix A.1. Decomposition of K4,9

a = 4, b = 9; ab = 36; 3 blocks.

H1 =

(
Y3 Y5 Y7 Y2

X0 Y0 X1 Y1 X2 Y6 X3 Y8 X0

)
H2 =

(
Y6 Y3 Y2 Y8

X0 Y1 X3 Y5 X2 Y4 X1 Y7 X0

)

H3 =

(
Y5 Y6 Y8 Y7

X0 Y2 X1 Y3 X2 Y0 X3 Y4 X0

)

Appendix A.2. Decomposition of K4,12

a = 4, b = 12; ab = 48; 4 blocks.
Full certificate (4 blocks) provided in the Supplementary Information (cert_4_12.json).

Appendix A.3. Decomposition of K4,15

a = 4, b = 15; ab = 60; 5 blocks.
Full certificate (5 blocks) provided in the Supplementary Information (cert_4_15.json).

Appendix A.4. Decomposition of K5,12

a = 5, b = 12; ab = 60; 5 blocks.
Full certificate (5 blocks) provided in the Supplementary Information (cert_5_12.json).

Appendix A.5. Decomposition of K6,12

(See Figure 2) a = 6, b = 12; ab = 72; 6 blocks.
Full certificate (6 blocks) provided in the Supplementary Information (cert_6_12.json).

Appendix A.6. Decomposition of K6,18

(See Figure 3) a = 6, b = 18; ab = 108; 9 blocks.
Full certificate (9 blocks) provided in the Supplementary Information (cert_6_18.json).
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Appendix A.7. Decomposition of K7,12

a = 7, b = 12; ab = 84; 7 blocks.
Full certificate (7 blocks) provided in the Supplementary Information (cert_7_12.json).

Appendix A.8. Decomposition of K16,9

a = 16, b = 9; ab = 144; 12 blocks.
Full certificate (12 blocks) provided in the Supplementary Information (cert_16_9.json).

Appendix A.9. Decomposition of K16,15

(See Figure 4) a = 16, b = 15; ab = 240; 20 blocks.
Full certificate (20 blocks) provided in the Supplementary Information (cert_16_15.json).

Appendix B. Tripartite Certificates
This appendix documents all sixteen tripartite decompositions realising the sixteen

hub-incompatible residue patterns of Theorem 8 at their minimal admissible representative
together with the small-part example K4,4,4 (Example 1). Four instances (K8,8,8, K8,8,11,
K14,8,8, K10,10,10) were found directly by the monolithic CP-SAT model of Section 7; the
remaining twelve, whose block counts run up to 72, were found by the randomised
sequential construction plus the exact residual solve described in Section 7. Every block,
from either method, was independently re-verified by the same edge-cover check. To keep
this paper to a reasonable length, only two representative certificates are reproduced in
full below, which are in the same matrix form as Appendix A (host vertices labelled Xi,
Yi, Zi for the parts of size a, b, and c, respectively): K8,8,8, the canonical hub-incompatible
pattern, and K4,4,4, the small-part example of Example 1. The remaining fifteen certificates
are provided in full in the accompanying Supplementary Information.

Appendix B.1. Decomposition of K8,8,8

a = 8, b = 8, c = 8; ab + bc + ca = 192; 16 blocks.

H1 =

(
Y5 Z5 X4 Z2

X0 Z6 Y7 Z0 Y0 Z3 Y4 Z1 X0

)
H2 =

(
Y2 Y5 X7 Y4

X0 Y3 Z7 Y7 Z3 Y1 Z5 Y0 X0

)

H3 =

(
Z7 X2 Z3 Z6

X0 Y7 Z4 X7 Y3 Z1 Y5 Z5 X0

)
H4 =

(
Z0 Y1 Y7 X0

X1 Y2 Z7 Y0 Z1 X5 Z2 Y3 X1

)

H5 =

(
Z7 Y0 Y1 Y2

X1 Y7 Z2 Y5 X4 Y3 Z0 Y6 X1

)
H6 =

(
Z6 Z5 Y6 Z7

X1 Z2 X3 Y2 X4 Z1 X6 Y1 X1

)

H7 =

(
Z3 Z7 Y4 Y7

X1 Y0 X5 Y1 X3 Z0 X7 Z1 X1

)
H8 =

(
Z5 Y7 Y3 Z6

X1 Y4 X5 Z3 X6 Z2 Y2 Z4 X1

)

H9 =

(
Y2 Z4 Z3 Y3

X2 Y0 X6 Z0 X0 Y6 X5 Z5 X2

)
H10 =

(
Y3 Z4 Z2 X3

X2 Z7 X4 Y4 X7 Z6 Y6 Z3 X2

)

H11 =

(
Y7 X0 Z7 Z5

X2 Y6 Z4 Y5 X3 Z3 X4 Z2 X2

)
H12 =

(
Y5 X0 Y3 Z0

X2 Z1 Y1 Z4 X3 Y7 X4 Z6 X2

)

H13 =

(
Y4 Z4 Y7 Z7

X2 Z0 X5 Z6 X6 Z5 X7 Y1 X2

)
H14 =

(
Y0 Z7 Z3 Z4

X3 Z1 Y6 X6 Y2 Z5 Y3 Z6 X3

)

H15 =

(
Z6 Z1 Z3 Z7

Y0 X7 Y2 X5 Y5 Z0 Y4 Z4 Y0

)
H16 =

(
X0 X1 Z5 Z0

Y4 X6 Y5 X7 Y6 Z2 Y1 Z6 Y4

)

Appendix B.2. Decomposition of K8,8,11

a = 8, b = 8, c = 11; ab + bc + ca = 240; 20 blocks.
Full certificate (20 blocks) provided in the Supplementary Information (tricert_8_8_

11.json).
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Appendix B.3. Decomposition of K14,8,8

a = 14, b = 8, c = 8; ab + bc + ca = 288; 24 blocks.
Full certificate (24 blocks) provided in the Supplementary Information (tricert_14_

8_8.json).

Appendix B.4. Decomposition of K10,10,10

a = 10, b = 10, c = 10; ab + bc + ca = 300; 25 blocks.
Full certificate (25 blocks) provided in the Supplementary Information (tricert_10_

10_10.json).

Appendix B.5. Decomposition of K17,8,8

a = 17, b = 8, c = 8; ab + bc + ca = 336; 28 blocks.
Full certificate (28 blocks) provided in the Supplementary Information (tricert_17_

8_8.json).

Appendix B.6. Decomposition of K13,10,10

a = 13, b = 10, c = 10; ab + bc + ca = 360; 30 blocks.
Full certificate (30 blocks) provided in the Supplementary Information (tricert_13_

10_10.json).

Appendix B.7. Decomposition of K14,14,14

a = 14, b = 14, c = 14; ab + bc + ca = 588; 49 blocks.
Full certificate (49 blocks) provided in the Supplementary Information (tricert_14_

14_14.json).

Appendix B.8. Decomposition of K14,14,17

a = 14, b = 14, c = 17; ab + bc + ca = 672; 56 blocks.
Full certificate (56 blocks) provided in the Supplementary Information (tricert_14_

14_17.json).

Appendix B.9. Decomposition of K14,14,8

a = 14, b = 14, c = 8; ab + bc + ca = 420; 35 blocks.
Full certificate (35 blocks) provided in the Supplementary Information (tricert_14_

14_8.json).

Appendix B.10. Decomposition of K14,14,11

a = 14, b = 14, c = 11; ab + bc + ca = 504; 42 blocks.
Full certificate (42 blocks) provided in the Supplementary Information (tricert_14_

14_11.json).

Appendix B.11. Decomposition of K16,16,16

a = 16, b = 16, c = 16; ab + bc + ca = 768; 64 blocks.
Full certificate (64 blocks) provided in the Supplementary Information (tricert_16_

16_16.json).

Appendix B.12. Decomposition of K16,16,19

a = 16, b = 16, c = 19; ab + bc + ca = 864; 72 blocks.
Full certificate (72 blocks) provided in the Supplementary Information (tricert_16_

16_19.json).
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Appendix B.13. Decomposition of K16,16,10

a = 16, b = 16, c = 10; ab + bc + ca = 576; 48 blocks.
Full certificate (48 blocks) provided in the Supplementary Information (tricert_16_

16_10.json).

Appendix B.14. Decomposition of K16,10,10

a = 16, b = 10, c = 10; ab + bc + ca = 420; 35 blocks.
Full certificate (35 blocks) provided in the Supplementary Information (tricert_16_

10_10.json).

Appendix B.15. Decomposition of K19,10,10

a = 19, b = 10, c = 10; ab + bc + ca = 480; 40 blocks.
Full certificate (40 blocks) provided in the Supplementary Information (tricert_19_

10_10.json).

Appendix B.16. Decomposition of K13,16,16

a = 13, b = 16, c = 16; ab + bc + ca = 672; 56 blocks.
Full certificate (56 blocks) provided in the Supplementary Information (tricert_13_

16_16.json).

Appendix B.17. Decomposition of K4,4,4

(See Figure 5) a = 4, b = 4, c = 4; ab + bc + ca = 48; 4 blocks.

H1 =

(
Z1 Z3 Z0 Z2

X0 Y1 X3 Y3 X1 Y2 X2 Y0 X0

)
H2 =

(
Z1 Z3 Z0 Z2

X2 Y3 X0 Y2 X3 Y0 X1 Y1 X2

)

H3 =

(
X3 X2 X0 X1

Z1 Y3 Z0 Y2 Z2 Y1 Z3 Y0 Z1

)
H4 =

(
X3 X2 X1 X0

Z2 Y3 Z3 Y2 Z1 Y1 Z0 Y0 Z2

)

Appendix C. Tripartite Base-Table Certificates for min(a, b, c) < 8
This appendix documents certificates for the twenty positive base cases of Theorem 12

not already covered by Appendix B together with the two isolation-witness certificates
K1,6,18 and K2,3,18 underlying Lemma 12. All were found by the CP-SAT model of Section 7
and independently re-verified. To keep this paper to a reasonable length, only one rep-
resentative certificate is reproduced in full below, which is in the same matrix form as
Appendixes A and B: K2,6,6, the smallest instance in this table. The remaining twenty-one
certificates are provided in full in the accompanying Supplementary Information.

Appendix C.1. Decomposition of K1,10,10

a = 1, b = 10, c = 10; ab + bc + ca = 120; 10 blocks.
Full certificate (10 blocks) provided in the Supplementary Information (small_

tricert_1_10_10.json).

Appendix C.2. Decomposition of K1,6,18

(See Figure 6) a = 1, b = 6, c = 18; ab + bc + ca = 132; 11 blocks.
Full certificate (11 blocks) provided in the Supplementary Information (small_

tricert_1_6_18.json).

Appendix C.3. Decomposition of K2,3,18

(See Figure 7) a = 2, b = 3, c = 18; ab + bc + ca = 96; 8 blocks.
Full certificate (8 blocks) provided in the Supplementary Information (small_tricert_

2_3_18.json).
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Appendix C.4. Decomposition of K2,6,6

a = 2, b = 6, c = 6; ab + bc + ca = 60; 5 blocks.

H1 =

(
Y3 Z5 Z1 Y0

Z3 X0 Y5 Z2 Y2 X1 Z0 Y1 Z3

)
H2 =

(
Y2 Y0 Z0 Z1

Z3 Y4 Z5 Y3 X0 Y1 X1 Y5 Z3

)

H3 =

(
Y2 Z0 Z3 Y1

Z4 X0 Y4 Z2 X1 Y3 Z1 Y5 Z4

)
H4 =

(
Y1 Z2 Z5 Y5

Z4 X1 Y0 Z1 X0 Y2 Z0 Y3 Z4

)

H5 =

(
Y2 Z1 Z3 Y3

Z5 X1 Y4 Z4 Y0 X0 Z2 Y1 Z5

)

Appendix C.5. Decomposition of K2,6,9

a = 2, b = 6, c = 9; ab + bc + ca = 84; 7 blocks.
Full certificate (7 blocks) provided in the Supplementary Information (small_tricert_

2_6_9.json).

Appendix C.6. Decomposition of K2,8,8

a = 2, b = 8, c = 8; ab + bc + ca = 96; 8 blocks.
Full certificate (8 blocks) provided in the Supplementary Information (small_tricert_

2_8_8.json).

Appendix C.7. Decomposition of K3,6,6

a = 3, b = 6, c = 6; ab + bc + ca = 72; 6 blocks.
Full certificate (6 blocks) provided in the Supplementary Information (small_tricert_

3_6_6.json).

Appendix C.8. Decomposition of K3,6,10

a = 3, b = 6, c = 10; ab + bc + ca = 108; 9 blocks.
Full certificate (9 blocks) provided in the Supplementary Information (small_tricert_

3_6_10.json).

Appendix C.9. Decomposition of K4,4,7

a = 4, b = 4, c = 7; ab + bc + ca = 72; 6 blocks.
Full certificate (6 blocks) provided in the Supplementary Information (small_tricert_

4_4_7.json).

Appendix C.10. Decomposition of K4,4,10

a = 4, b = 4, c = 10; ab + bc + ca = 96; 8 blocks.
Full certificate (8 blocks) provided in the Supplementary Information (small_tricert_

4_4_10.json).

Appendix C.11. Decomposition of K4,6,6

a = 4, b = 6, c = 6; ab + bc + ca = 84; 7 blocks.
Full certificate (7 blocks) provided in the Supplementary Information (small_tricert_

4_6_6.json).

Appendix C.12. Decomposition of K4,10,10

a = 4, b = 10, c = 10; ab + bc + ca = 180; 15 blocks.
Full certificate (15 blocks) provided in the Supplementary Information (small_

tricert_4_10_10.json).
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Appendix C.13. Decomposition of K5,6,6

a = 5, b = 6, c = 6; ab + bc + ca = 96; 8 blocks.
Full certificate (8 blocks) provided in the Supplementary Information (small_tricert_

5_6_6.json).

Appendix C.14. Decomposition of K5,8,8

a = 5, b = 8, c = 8; ab + bc + ca = 144; 12 blocks.
Full certificate (12 blocks) provided in the Supplementary Information (small_

tricert_5_8_8.json).

Appendix C.15. Decomposition of K6,6,6

a = 6, b = 6, c = 6; ab + bc + ca = 108; 9 blocks.
Full certificate (9 blocks) provided in the Supplementary Information (small_tricert_

6_6_6.json).

Appendix C.16. Decomposition of K6,6,7

a = 6, b = 6, c = 7; ab + bc + ca = 120; 10 blocks.
Full certificate (10 blocks) provided in the Supplementary Information (small_

tricert_6_6_7.json).

Appendix C.17. Decomposition of K6,6,8

a = 6, b = 6, c = 8; ab + bc + ca = 132; 11 blocks.
Full certificate (11 blocks) provided in the Supplementary Information (small_

tricert_6_6_8.json).

Appendix C.18. Decomposition of K6,6,9

a = 6, b = 6, c = 9; ab + bc + ca = 144; 12 blocks.
Full certificate (12 blocks) provided in the Supplementary Information (small_

tricert_6_6_9.json).

Appendix C.19. Decomposition of K6,6,10

a = 6, b = 6, c = 10; ab + bc + ca = 156; 13 blocks.
Full certificate (13 blocks) provided in the Supplementary Information (small_

tricert_6_6_10.json).

Appendix C.20. Decomposition of K6,6,11

a = 6, b = 6, c = 11; ab + bc + ca = 168; 14 blocks.
Full certificate (14 blocks) provided in the Supplementary Information (small_

tricert_6_6_11.json).

Appendix C.21. Decomposition of K6,9,10

a = 6, b = 9, c = 10; ab + bc + ca = 204; 17 blocks.
Full certificate (17 blocks) provided in the Supplementary Information (small_

tricert_6_9_10.json).

Appendix C.22. Decomposition of K7,10,10

a = 7, b = 10, c = 10; ab + bc + ca = 240; 20 blocks.
Full certificate (20 blocks) provided in the Supplementary Information (small_

tricert_7_10_10.json).
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