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ABSTRACT This work studies the product and ratio statistics of independent and non-identically distributed
(i.n.i.d) @ — k — p shadowed random variables. We derive the series expression for the probability density
function (PDF), cumulative distribution function (CDF), and moment generating function (MGF) of the
product and ratio of i.n.i.d o — x — p shadowed random variables. We then give the single integral
representation for the derived PDF expressions. Further, as application examples, 1) outage probability
has been derived for cascaded wireless systems, and 2) physical-layer security metrics like secrecy outage
probability and strictly positive secrecy capacity are derived for the classic three-node model with a« — x —
shadowed fading. Next, we discuss an intelligent reflecting surface-assisted communication system over

o — Kk — p shadowed fading.

INDEX TERMS
transformation

I. INTRODUCTION
Wireless channel is governed mainly by two physi-
cal phenomena: shadowing (which results in long-term
signal variation) and multipath (which results in short-term
fading). Shadowing is typically modeled using lognormal
distribution [1] or sometimes using gamma distribution [2].
In contrast to shadowing, the multipath effect is characterized
by a broad range of distributions such as Rayleigh, Rician,
Nakagami-m, Hoyt, and more general distributions like x — p,
n — i [3]. The kK — p shadowed distribution introduced in [4]
provides a natural generalization of the x — p fading where
the line-of-sight (LOS) component of the received signal is
random, i.e., subject to shadowing. This type of fading model
is known as the LOS shadow fading model in the literature.
All the fading models mentioned above, including x — p
shadowed and its special cases, assume a homogeneous scat-
tering environment where the intensity of the received signal
is the sum of the intensity of different multipath components
[5]. To generalize these models and characterize the non-
linearity of the propagation medium, a new parameter o
was introduced in [5]. Recently, a generalization of Kk —
shadowed distribution is discussed in [6] that incorporates
the non-linearity of the propagation environment. This fading
distribution is known as o« — k — p shadowed distribution
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where the parameter o € R determines the non-linearity of
the propagation environment.

In the literature, Fisher - Snedecor JF distribution [7] is
proposed as a composite fading model. The properties of
Fisher - Snedecor F distribution and its related distributions
are discussed in [7], [8]. The physical model of Fisher -
Snedecor F distribution is similar to the Nakagami-m fading
model with modification to incorporate the shadowing effect
by multiplying an inverse Nakagami-m random variable (RV).
However, this fading model results in a simple form for
probability density function (PDF) and cumulative distribu-
tion function (CDF) expression. This fading model does not
include the various generalized fading models such as k — p
fading, Rician fading, and others as special cases. Also, the
Fisher - Snedecor F distribution does not incorporate the non-
linearity of the propagation environment, which is modeled in
a — k — u shadowed fading by parameter a.

In a variety of wireless communication applications, such
as relay-based communication systems [9], and intelligent re-
flecting surfaces (IRS) assisted communication system [10]-
[12], the transmitted signal from the source reaches the des-
tination after experiencing a couple of fading environments.
To analyze such a communication system’s performance, one
needs to know the statistics of the product of corresponding
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fading distributions. Hence, the statistical characterization of
the product of two RVs is crucial in wireless communication.
Similarly, the ratio of random variables appears in scenar-
ios like the study of signal-to-interference ratio and secrecy
analysis. A frequency domain based approach is presented
in [13] to evaluate the metrics related to physical layer se-
curity in wireless systems. The study of product and ratio of
probability distribution has been an area of interest for statis-
ticians for a long time. The product and ratio statistics of H-
distribution were studied in [ 14]. For example, in bistatic scat-
ter radio communication, the indirect channel between carrier
emitter and software-defined radio (SDR) reader through a
radio frequency (RF) tag is modeled as the product of two
Rayleigh and Rician fading channels in [15] and [16], respec-
tively. A close approximation for the product of independent
Rayleigh RVs is proposed in [17]. The work in [15] and [16]
were focused on point-to-point communication. In contrast,
a multi-scatter scenario is considered in [18] where multiple
carrier emitters are present, and each channel is modeled as
Nakagami—m fading. Hence, the channel between the carrier
emitter and the SDR reader is a product of two Nakagami—m
RVs. In [19], authors presented a general result for the product
statistics of Rayleigh fading. A generic cascaded channel has
been considered in [20], [21] with Nakagami—m and gen-
eralized Nakagami—m fading, respectively. An IRS-assisted
wireless communication system under Nakagami—m fading
was studied in [22]. The authors in [23] considered an IRS-
assisted communication system where each link undergoes
x — p fading; hence, the link between source to IRS and
IRS to destination is the product of two k — p RVs. Authors
in [24] studied the product statistics of two independent and
non-identically distributed (i.n.i.d.) K — p RVs. In [25] the
statistical characterization of the product of two i.n.i.d. o — p,
n — pand Kk — p RVs is done. The author in [26] studied the
product statistics of two i.n.i.d. K — p shadowed RVs.

In this work, we are interested in o — x —  shadowed fading
since it encompasses various popular fading models such as
one-sided Gaussian, Rayleigh, Rician, Nakagami-m, x — u,
n — p [3], Rician shadowed [27] and x — p shadowed [4].
Other than this, the a — x — p shadowed fading has received
a lot of traction in the wireless community in recent literature
like [28]-[30]. Recently, authors in [31] approximated the
a — k — p shadowed RV with generalized Gamma RV and
used it to analyze secure ultra-reliable and low latency com-
munications systems. This motivates us to look at the product
and ratio statistics of o — x —  shadowed fading. We provided
the statistical characterization of the product and ratio of two
independent non-identically distributed (i.n.id.)) @ — k — p
shadowed RVs. The closed-form exact expressions for PDF
and CDF of the considered RVs are derived using Mellin
transformation. The contribution and utility of this work are
summarized as follows:

« Series expressions for PDF, CDF, and MGF of the prod-
uct and ratio of two, i.n.i.d. @« — k — p shadowed RV are
derived using the direct application of Mellin transform.

« We have derived a novel Laplace-type integral represen-
tation for the derived PDF expression of the product and
ratio statistics.

o We presented the performance metrics for a cascaded
wireless system, physical layer security, and outage
probability (OP) for an IRS-assisted wireless commu-
nication system as application examples for the derived
theoretical results to highlight the utility of this work.

o The results derived here generalize many existing results
in the literature. For example, the cascade wireless sys-
tem results presented in [24]-[26] can be easily deduced
from our results. Similarly, our results on physical layer
security generalize works in [29], [32]-[35]. The OP
expressions derived for an IRS-assisted wireless com-
munication system in [36]-[38] are the special cases of
our derived expression.

II. DEFINITIONS AND PROBLEM STATEMENT
In a— Kk —p shadowed fading environment, the received signal
envelope R is as follows [6]

nw

RY = Z [(Pi +Epi)* + (0 + 5%‘)2] . ey

i=1

where a¢ € R characterizes the non-linearity of the propa-
gation medium. y denotes the number of multipath clusters.
In each cluster, the scattered components P;, Q; are modeled
as N (0,02). The dominant components are characterized
by real numbers p;, g;, and RV ¢ that follows Nakagami-m
distribution with shape parameter m and spread parameter
) = 1. The set of parameters {«, , 1, m} completely defines
the @« — k — p shadowed fading model. The parameter K =

i
> (p? + ¢?) /207 signifies the ratio of dominant component

i=

power and scattered component power.

We considered two independent non-identically distributed
(i.n.i.d) a—k—p shadowed RVs, say X; with mean 4; and non-
negative real shaping parameters o, x;, p;, m; for i = 1,2.
Each X; follows the distribution given by [6, Eq. (4)],

Qi X
9,’0&,’ (.X,') z 1 1 (xi>2
A\Xi) = — — ex - -
fXI( 1) 26#'% i p ci \ i

o (2)
. . 2
X 1F1 <mi;ui; bi <XZ> ) )
Ci \Yi
: m:ﬂ[ iKi
where i = 1,2, 6, = F(u,)(u,ni+mi)”‘”5" (M’;’imi),

1F1 (+;+; ) is confluent hypergeometric function [39] and

Qi

2

1
¢ = ’
o.r (ui + C%) oF1 (mi,ui + 2w Bi)
(3)
where, oF1 (-, ;) is Gauss hypergeometric function [39].

Our objective is to statistically characterize the RV Y = X1 X5
and Z = % The following sections will provide the analyti-
cal expression for PDF, CDF, and MGF of RV Y and Z.
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IIl. STATISTICAL CHARACTERIZATION OF PRODUCT
STATISTICS

In this section, We derive the probability density function
(PDF), cumulative distribution function (CDF), and moment
generating function (MGF) of RV Y, i.e., the product of two
a — k — p shadowed RVs by using the technique of Mellin
transform. From the definition of Mellin transform [40, Eq.
(2.8.9)] and [6, Eq. (8)], we have

2(s—1)

M [f,(xi);s] = 04 ', ™ T (ui +(s—1) 2)
“)

Q;

2
X oF1 (mwi +(s—1) a;ﬂi;ﬁi) ;

It is a well-known fact that the Mellin convolution of indi-
vidual PDFs gives the PDF of the product of two independent
RVs, and the Mellin transform of the said PDF is the product
of the Mellin transform of corresponding PDFs [40]. Hence,
the Mellin transform of Y is

Mty (v) 58] = Mfx, (x1); 5] M [fx, (x2); 5]
2(5—1) 2(s—1)
= 0102 (1172)" ey T ey

2 2
2
X oF (mmn +(s—1) ;ul;ﬂ1>
aq

2
x oF] (mQ,uz +(s—1) a;uz;ﬂz) .
2

Note that 81,82 < 1 and py,pue > 0 so both the hy-
pergeometric function present in the Mellin transform of Y
converges Vs. Using the series expansion of hypergeometric
function [39, Eq. (1.1.18)], we have

2 2

O1020; " ey 7 o (m1), (m2), BYBY
Mlfy (v);s] = o S
fr O0):s] Y172 u,vZ=O (11),, (p2), ulv!
2 2
XF<M1+M—+S)
a1 a1
2 _ 2\ —¢
2 2 @1 @2
XF<M2+V—+S> %
Q2 Y172
(6)

Now, fy (y) is obtained using the inverse Mellin transform
[41, Eq. 2.8], i.e.,

B ) = 3000 3 A2 [ay

(n2) n2) |

u,v=0
_2 _ 2 )
(), (m2),BiBy s ey “ley, 72 _
where A, , = (;1)1‘(:2)#1!”275 - a %;2 b1 =1 +u—
a,,A .
%7192 - Mz—&-v—a%, and H)')" | x Ebzszg is the H-

function defined in [41, Eq. 1.1]. Equation (7) provides the
PDF of the product of two a@ — x — p shadowed RV in the
form of double infinite summation.
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A. CUMULATIVE DISTRIBUTION FUNCTION
The CDFof RV Y, i.e., Fy ( f fr (¢) dt follows from the

definition of H-function and glven as

= 59102 Z Au v X / (bl + js>
1

u,v=0

y
2
r (b2 + s) /(5;)*5 dt | ds
Q2
0

After solving the inner integral and substituting the limits, we
have

®)

Fy (y) = 60102y > Ay,

u,v=0

(-1,1)
(h2) (20 |

. (0,1)
206, 3 i [@ (s 2) (b, 2).001) ]
u,v=0 a1 @2
©))
where b3 = py + u,by = ps + v and (a) follows from a
functional relation given in [41, Property 1.5, Eq. 1.60]. Next,

we derive the closed-form/analytical expression for the MGF
of RVY.

2,1
X HL3

dy

B. MOMENT GENERATING FUNCTION

The moment generating function (MGF) of an RV is directly
related to the Laplace transform of PDF as

My (s) = Lfr (v); —s]- (10)

Substituting (9) in (10) and then using the identity [41, Eq.
2.19], we have

$) = 0102 > Auy

u,v=0
(1,1) (o

(b?n (121

47 042) ‘|
C. HIGHER MOMENTS OF Y
The n-th order moment of RV Y is given by E[Y"] =

2,1
X HL2

E [X7] E [XJ], since X7 and X, are independent RVs. Also,
note that the E [Y"] = M [fy () ; 5] |s=n+1. Hence, from (5)
we have

E [Yn} = 9102 (’71’7/2) (& 1 C22F (,Ul + a)
1
2n 2n
XF(H2+a> F (m1,u1+ 7H1,51> (12)
2

2n
X oF1 m2,M2+ ,,u2,52
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IV. STATISTICAL CHARACTERIZATION OF RATIO
STATISTICS

In this section, We derive the PDF, CDF, and MGF of RV
Z, i.e., the ratio of two o — k — p shadowed RVs. Note that
the Mellin transform of the ratio of two independent RVs is
related to their individual Mellin transform as follows

Mfz (2) 58] = Mfx, (x1) ;5] M [fr, (x2) 32 = o],
26—1) 2(1—s)

=010 (7)) (o) el ey

2 2
x T <u1+(s—1)m>F <u2+(1—s)a2> 13
2
X oF (m1,M1+(S1) ,M1751>

2
X oF] (mz,uz +(1—y9) a;m;&) .
2

Again using the series expansion of oF (-, -;+; ), we have

L Oac, el & (my), (ma), B
MUz (@):s) = T 2 (k1) (=), ulv!

(o)
xI'lpr+u——+ —s
a1 a1

2 2 -

2 2 N
M(mﬂ%_g Y2y "tey?
a2 a2 Y1

u,v=0

(14)
Now, f7 (z) is obtained using the inverse Mellin transform [41,

Eq. 2.8], i.e.,
> 1.1 (Cll, alz)
f2(2) = 0102 Y A HYY |z

’ b
? 2
u,v=0 (bla 071)

(15)

_2 2
_ ] ag
where ¢ = % anda; =1 — g —v— O% Following

the similar steps as in the calculation of Fy (y), we have

(@,az) (0,1)
_9192142014“1‘122 (z <b3,071)’(1’1)
(16)

where as = s + v, and the MGF of Z follows from [41, Eq.
2.19] and given as

- 2
My <S):9102ME,V::0AM’VH11’711 (Cs) (1,1()1;3 (c;z)az)
(17

A. HIGHER MOMENTS OF Z

Unlike the case of product statistics, the n-th order moment

of RV Z, ie, E[Z"] # ]EEEF(% even though the X; and X»
2

4

are independent. But, the Mellin transform can be used as
E[Z"] = Mfz (2) ;5] |s=n+1. Hence, from (13) we have

ns \n ay as 2n
E (2] = 0265 (7)" () cllcfr(mal)
2n 2n
XF<#2—> oy (ml,M1+ 7,u17ﬁ1> (18)

Qo
2n
;u2;62> .
(0]

V. INTEGRAL REPRESENTATION

In the previous sections, we have derived the expressions
for the PDF of the product and ratio statistics of two i.n.i.d.
a — kK — p shadowed RVs. However, the expression in (7),
and (15) involves the H-function, which is not implemented in
popular software like MATLAB. The H-function is available
in Mathematica and can be used to evaluate the derived
expression. Still, due to the presence of double infinite sum-
mation and considering the general nature of the values of
the parameter involved, it is difficult to predict the number of
terms to add for a particular level of accuracy.

In this section, we have given the Laplace type integral
representation for the derived expression using the method
of residue and the definition of the Gamma function. These
real-integral type expressions are far easier to evaluate using
the Gauss-Legendre quadrature rule than evaluating a double
infinite series with an H-function.

X oFq (m27M2 -

A. LAPLACE TYPE INTEGRAL FOR THE PDF OF THE
PRODUCT STATISTICS

By substituting the definition of H-function in (7), we have
A 2 2
= 66,6 =2 [T - — 4+ —
fr (v) 102 u EV:o omi ) (Hl +u o + o s)

x I (,ug +v— 1 + 2s> (8y) " ds

Q2

(19)
Let yi1 +u — 2 + 25 = w then, fy (y) can be written as

#1*721 e u
i) = SBT3 A [p )

2 2mi
u,v=0

o o o
x I (#2 — =y - 1M+V+1W) By
a2 a2 a2
(20)
where 83 = (6y) . From [42, Eq. 4] the Mellin-Barnes
integral in the above equation can be identified as the Kritzel
function. Hence, we have

L

201026 (53) e

fr(y) = 5

Auv gZV ﬂB) (21)
u,v=0
where p = %2, v = 22 (up+v) — 1 —u and Z; () is
the Kritzel function. Next using the definition on Kritzel
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function [42, Eq. 1] and some algebraic manipulation, a single
Laplace type integral representation of fy (y) is

Ml_% o0 o
fr(y) = 161020 (263) / t(“z_@“l_l) e’
0

_ %1
x 1Fy (ml;ul;l ‘*251,33) 1F1 (ma; pa;t32)

g

(22)

x e Pt 2 gy,

B. LAPLACE TYPE INTEGRAL FOR THE PDF OF THE RATIO
STATISTICS

Using the calculus of residues, the series form of PDF in (15)
is as follows

0105 o=  Aun(=1)"
041C21 2 Z (n! )
u,v,n=0
041(171+")
XF(,UQ"‘ S+ tutv+ ot )(CZ)
. for (z<1
fz (2) = = ,
9.0 Aup(—1
0¢2§21 2 Z (n! )
u,v,n=0
a2(12r11+n)
F(#1+ arke tut v+ G2 ) (é)
for (z>1

(23)
Next, using the definition of the Gamma function and some
algebraic manipulations, the Laplace type integral for the ra-
tio statistics is given by (24) on the top of the next page. Note
that ratio RV can be used to model the signal-to-interference
ratio between the desired user and the interference user. Since
both the users are present in the same propagation environ-
ment, it is practical to assume oy = ao = «. For this

|-

aby
( (;i“i 21 57 - After substituting this in (15)
1+(¢z

and some algebraic manipulations, we have

_2
agh16s (Br)" " /t(ulwrl)eﬂ
2(1 p1tpe

(1+B7) J

8187 532 )
F ST Fq dt,
X1 1<m1,ul,1+67> < 2,H271+6

where 37 = ((z)2. The above integral can be identified as a
double hypergeometric series (Appell series) Fo [39, 1.3.3],
and we have

aCO10-1 (p1 + pi2) (57)”1_%
) (1 4 57)#1+M2 (26)
B157 B2 )
1+ 67" 1+ 7

special case, it is easy to show that Hlll1 (z

al'(1—aj+b1)
2

fz(2) =
(25)

fz(2) =

(/141 + ﬂ27m17m27M17:u27

VI. ASYMPTOTIC ANALYSIS
In previous section, we derived the exact Laplace type integral
expressions for the PDF of the product and ratio statistics
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of two in.i.d. « — k — pu shadowed RVs. In order to get
more insight and simplified expression, we focused on the
asymptotic analysis in this section.

A. FOR THE PRODUCT STATISTICS

In high SNR regime, when either or both 41,75, — oco. We
have 83 — 0. The PDF of the product statistics in (22)
simplifies to

fr) gy~

X 1F1 (ma; po; 182) dt

_2 0o
041‘91925(253)M1 ‘”/ t(ﬂzf@m 1) e !
0

Using the identity [43, 7.621.4], we have

a2 (28)

aq
X oF4 (mz,uz - ul;uz;ﬁz> .
Qo

fr) e~

Hence, in high SNR regime, asymptotic CDF of the product
statistics can be approximated as

6.0
Fr () o ~ ur( s — gu)
29)

aq
X oFy (mznuz - am;uz;@)
2

B. FOR THE RATIO STATISTICS
When 47 — oo, we have 85 — 0. The PDF of the ratio
statistics in (24) simplifies to

a19192C 55 e ”2/
0

M2+%M1—1) .

1z(@) Iy =

t

X

1F1 (ma; po; tB) dt,

Ml—o%
_ 101605¢ (Bs) r (Mz n 041’u1>
2 [6%)

(30)

aq
X oF1 <m2>M2 + a/h;,uz;ﬂz)
2

Hence, the asymptotic approximation for the CDF of the ratio
statistics is

6,0 a
Fz (2) |ﬂ=;12r< 2+1u1)

€19}
X oFy (ma,uz + 1u1;uz;,6’2>
a2
VII. SIMPLE APPROXIMATION
Although the expressions, derived for the PDF of product and
ratio statistics of two v — k — p shadowed RVs in (22) and
(24), are exact and easy to evaluate numerically. For some
practical applications, having a simpler approximation for the
PDF is helpful, as it helps to analyze and make inferences for
complex systems. Hence, we proposed the Gamma distribu-
tion as a closed-form approximation for the product and the
Beta prime distribution as a closed-form approximation for

5
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fz(2) = 0

+-2 o0 a
a2<elea<§a>“2 Ny P+ Eua—t) 1F1 (
0

where 5 = (Cz) 7, and s = ()~ 7 .

(24)

o ag
my; pistfr) 1F1 (m2§l~t2§t?§6266) e P!t 4t for (z > 1,

the ratio of two av — k — p shadowed RVs. The parameters of
respective distributions can be obtained using the method of
moments.

A. GAMMA APPROXIMATION FOR PRODUCT STATISTICS
We have Y = X; X5, where X; and X5 follows o — k — pu shad-
owed distribution. The first two moments of Y are evaluated
using (12) and are as follows

E[Y] = %172,
, A 4 4
E [Yﬂ = 0,05 (’717}/2) C10<1 052 I (,ul + a)
1
4 4 (32)
x T (Mz + ) oF <m17M1 + ;M1§/31>
(€5) aq

4
X oFy | ma, o + —; po; B2
(&%)

Let G (k,0) represents the Gamma distribution with shape
parameter k and scale parameter 6. The PDF of Y is approx-
imated as

_ 2y
e O

ykyfl
= > 0, (33)
fr (v) T () 08 y
where k,0 are related to moments of Y in the following
manner E[Y] V(]
ky =——, Oy =—=. 34
Y 0 ) Y E [Y] ( )

The parameter for approximating Gamma distribution can be
evaluated as follows
1

kY = C ) eY = 771:}/2Cpr0a (35)
pro
4 4
where Cpry = 0102¢)" ¢3° T (Ml + i) r (”2 + a%)

2 (mla,ul + O%;Ml;ﬁl) 2 (m27M2 + %2;#2;52) - L

B. BETA PRIME APPROXIMATION FOR RATIO STATISTICS
We have Z = %, where X; and X, follows o — Kk —
shadowed distribution. Similar to [35], we first approximated
the X; and Xs by a Gamma random variable using moment
matching. Let X; ~ G(k21,921> and Xy ~ G(kzz, 922),
where k71,071, kz2, 075 are calculated as follows

1
kz1 = S 021 = Y1 Cratio (36)
ratio
4
where Cuip = 01¢7* T (m + a%) oF (m17M1 + a%;m;ﬁl)—
1 and 1
kZ2 = D s 922 = '72Drati07 (37)
ratio
6

4

where Dygig = b5¢5° T (uz + a%) 2 (mz,uz + a2 52)*
1. Under the assumption that X; and X, follows Gamma
distribution, Z can be approximated by beta prime distribution

[44]. The PDF of Z is approximated as

kz1—1
Oz2 (022, “
0z1 \ 071

o kz1+kz2
B (kz1,kz2) (1 + QZ)

0z1

fz (@) =

z>0, (38)

where B (-, ) is the Beta function [45]. Next, we have com-
pared the proposed close-form approximations with simu-
lated numerical values. In Fig. 1 and 2, we have plotted the
approximated and simulated PDF of Y and Z, respectively for
a; =1.5,k1 =5.0,p01 =1.2and ag = 2.5,k = 2.1, ug =
3.0 with different values of m and ms.

Approx. (my =2.8,my = 4.4)
14t e Simulation (m; = 2.8, my = 4.4) | |

Approx. (my =1.2,my = 0.8)
b e Simulation (m; = 1.2,my = 0.8)

FIGURE 1: Simulated and Approximate PDF of Y

Fig. 1 and 2 shows that the proposed approximation are
close to the simulated values of PDF and can be used in order
to get a simplified expression in practical applications.

VIIl. SPECIAL CASES
The PDF expression given in (7) and (15) are quite general
as they include many known PDF as special cases. In this
section, we have enlisted some of the special cases like double
« — Kk — 11, double k — p shadowed, double x — i, and double
«a— v in Table 1. For other simpler cases like double Rayleigh
and double Nakagami interested reader can refer to [24]. Also,
the special cases for ratio of two RV is listed in Table 2.

In the next section, we discuss some applications where the
product and ratio statistics of two o« — k — pu shadowed EV
are useful.
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Cascade Fading «a — Kk — i Shadowed .
Model Parameter PDF Expression
Double o = o, k1= KL b1 o (k1p1)" (K2p2) 2,0 -
g — M1 = p1,mp — 00 Hy'y |61y 2 2
a—K— [ @:ag,@:ng, er1p1+r2p2 u;ﬂr(ul +u) T (p2 +v)ulv! 0, (bl,a1)7<b2:?2)
P2 = pi2,mg — 00 P(p1+2 )T (2t 2 ) (4m1) (1452)
— where §1 = L 2/
D) (p2)9192
Double k — o = 2,K1 = K1, oo 2.0 _
Shadowed K1 = pr,m =m 66162 Z AupGola [5}" b1.b }
— 9 ko — — J 1,b2
ag =2, K2 = K2, =0
po = p2,my = my
o =2,k = K1, b2 - (k1p1)" (K2p2)" 2,0 -
Double k — 1= ghm — 00 eR1p1 TR M2 Zo T (1 + )T (2 + v) uls! Gyla {52)’ b1, ba }
Q2 = 2,K2 = K2, =
- _ _ p1(A+r1)p2(1+k2)
f2 = 12, Mg — 00 where do = 7T
o = ag, k1 =0, 1 H29 |5 -
Double o — pu p1 = pa, Vmy T(u)C(p2)y 10,2 |93V <b1, O%) , (bg, D%)
2=2,k2 =0,
— N F(u1+i)r(#2+i)
2 = 2, Vmsa _ aq o
B2 7 he TR where 05 = TG ) M G2 i
TABLE 1: Some special cases for PDF of Y
Cascade Fading a — Kk — it Shadowed .
Model Parameter PDF Expression
_ _ 2
Double A1 = a1, k1 = R, ¢1 i (k1p1)" (k2p2)" oY ez A oy
o—K— [ M= pr,m = o0 K1K1+R2H2 IV e 2
Qz = a2, K2 = K2, ¢ “’VZOF(M1+M)F(M2+V)MV by, 35
P2 = p2,mz — o0 h . “’Yzl“(er%l)F(uﬁ%)(1+~1)(1+n2)
- where 1 = TGz
Double k — p a1 = 4, K1 = R, oo a
Shadowed K1 = H1,m1 =m (0102 Z Au,vGi} {CZ bi ]
az = 2,k = K2, u,v=0
K2 = p2,mg = m2
o =2,K1 =K1, G2 = (k1p1)" (K2p2)” 1,1 a1
Doubl — - )
ouple K= p £ = pa, L o9 erirI TR u;ol“(m T T iz vl 1 [C” b ]
Qg = 2,k2 = K2, = [
IZQZ {13, ma — 00 where (o = 72#1(1+~%1)Hz(1+m2)
a1 = a1,k =0, ar, =
_ a1 R~ 1 1,1 ?ag
Double o — p1 = p, Vmy TGy Hia [ 632 b 2
o EIESONEY
722/.12,Vm2 . F2I' “1+o% r M2+O%
where 63 = TG

TABLE 2: Some special cases for PDF of Z

Approx. (my = 2.8,my = 4.4)
o Simulation (m; = 2.8,m; = 4.4)
Approx. (m; = 1.2,my = 0.8)
e Simulation (m; = 1.2,my = 0.8)

IX. APPLICATION EXAMPLES

A. CASCADED WIRELESS SYSTEM

Consider a two-tap cascaded channel where both taps follow
a — k — u shadowed fading. The considered model is a
generalization of many existing works in literature such as
[24]-[26]. This section derives the analytical expression for
various important metrics for such a system.

FIGURE 2: Simulated and Approximate PDF of Z

VOLUME 11, 2023

1) Outage Probability

In any communication system, an outage is when the signal’s
received strength falls below a certain threshold. The outage
probability (OP) is defined as Pop (vn) = P(Y < vyu)s
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hence, we have

Pop (ym) = 6162 Z Ay

u,v=0

] [m

(0,1) ]
(bg, a—l) : (b4, 072) L(1,1) L

where by = pq1+u, by = po+v. Apart from using this double-
infinite series expression, we can also make use of (22) to

Yih
compute the OP as Pop (vm) = [ fr (v) dy. This integral can
0

be evaluated using the Gauss-Legendre quadrature rule [46,
25.4.29].

2) Amount of Fading
The amount of fading (AF) measures the severity of any
fading channel. It is defined as the ratio of variance to the
square of the mean of instantaneous SNR [47]. Hence, the
AF for cascaded o« — k — p shadowed channel is
2 2
po VI _E-EMS
(E[Y]) (E[Y])

The AF can now be calculated using (12).

Remark: For a; = as = 2 the result in (39) coincides
with the corresponding result in [26]. Similarly, for o; =
2,m; — oo, our OP and AF expression reduces to the [24,
Eq. (20)] and [24, Eq. (16)], respectively. In [25], the cascade
channel with o — u, K — u, and n — p fading are consid-
ered since these three fading models are the special case of
a — k — u shadowed fading hence, the results encompass the
corresponding results in [25].

B. PHYSICAL LAYER SECURITY

In [33]-[35], [48] instantaneous secrecy capacity of typical 3
node single-input-single-output (SISO) wireless communica-
tion system is defined as

Cs = [log, (1 +ysp) — logy (1 + yse)]© (41)

where [x]" = max{x, 0}. The ~sp and ~s are instantaneous
SNR over the source to legitimate destination and source to
eavesdropper link, respectively. Both links are assumed to be
experiencing « — xk — p shadowed fading. The secrecy outage
probability (SOP) is defined as the phenomenon in which
the instantaneous secrecy capacity falls below a certain target
secrecy rate Rg, i.e., we have

Psop (Rs) = P[Cs < Rs] (42)
Using [32], Psop (Ry) is simplified as

L+7s
PSOP (RV) =P |:1 T ’)/sz S ’Yth:| (43)
where y,, = 2%. Applying the approximation ﬁ_;‘ ~ 3 [49],
we have '
Psor (Ry) ~ P PSD < m] (44)
YSE

The above equation is nothing but the CDF of the ratio of two
« — k — u shadowed RVs, that is given in (16). Another se-
crecy performance metric is strictly positive secrecy capacity
(SPSC) which is defined as Py = IP[C; > 0]. In terms of SOP,
we can write SPSC as Py = 1 — Pgop (0).

Remark: Recently, the authors in [29] studied the secrecy
performance under o — xk — p shadowed fading, but the results
are valid only for integer values of ;1 and po. Whereas the
results derived in this paper have no such restriction. Since
the o — k — p shadowed fading is the general case for other
fading scenarios such as Nakagami-m, x — u, kK — p4 shadowed
hence, our results for SOP and SPSC encompasses the results
in [32]-[35].

C. IRS-ASSISTED COMMUNICATION SYSTEM

Considering a system model similar to [23], we have one sin-
gle antenna source node (S) communicating with one single
antenna destination node (D) using an IRS with N reflector
elements. Let, hS® € CV*1 hRP ¢ CN*1 and AP ¢ C!
denote the small-scale fading channel coefficients of the S to
IRS (SR),IRS to D (RD) and S to D (SD) link, respectively.
All the channels are assumed to experience independent
o — K — p shadowed fading i.e., each of | [hSR]I. 2 [hRD]i|2
and |hSD|2 has the PDF as given in (2) with E [| (5] |2] =
YAB = dA}”/j where A, B € {S,R,D}. The dup represents the
distance between node A, B, and S is the path-loss coefficient.
Let 0; = arg (h°P) — arg ([h®f] [h*P] ) be the phase shift
introduced by the i-th IRS element. This phase-shift design
is widely used in IRS literature, such as [23], [50]-[52]. Then
the SNR at the node D is

N 2

YIRS = Vs ’hSD| + Z‘ [hSRH ’ [hRD]i’

i=1

(45)

Y

where , is the ratio of transmitted power p and receiver noise
power o2. In any communication system, an outage is when
the signal’s received strength falls below a certain threshold.
Let 5P|, |[h*%] | and |[h*P] | be denoted by gsp, [gsx]; and
[grp); respectively. The outage probability (OP) for threshold
Y can be evaluated as

2

N
Pous ('Yth) =P | gSD + Z[gSR}i[gRD]i < Ym
i=1
o= )
Vs
(46)

where z = u + g%?. Now approximate the u by the Gamma
RV, i.e., u ~ G (kimom, Omom) With

kmom = R omom = 47
o 7
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where 11, and o2 are evaluated using (12) as follows

. 1
1t = OsrOrp (Gsrvrn) CoR CRSD r (MSR + a)
SR

1 1
x T (MRD + ) oF (mSR7,uSR + ;MSR;BSR>
QSR

1
x oF; (mRD,MRD + ;Nm;ﬁm) ,
QRrp

(43)
and the 02 = YSRYRD — uQ. The z is a sum of two independent
RV, so the CDF of the z is as follows

/fuz—x oo (x) dx, (49)

where f,(x) = ka”'"m L ¢™ %n is the pdf of u and
Fso(x) is the CDF of g°. After substituting values, we have

FZ(Z) =

Osp : knom—1
HsD Kimom (Z o x)
HsDCsp r (kmom) emom 0

X e I (X (x))M

50
X @ (,USD — msp, Mmsp; psp + 1; ©0

— 1—

<X) ) _)\ ('x) ﬁSD> an
CSD CSD

where @5 (-, -; +; -, -) is the confluent bivariate hypergeometric

m
function [39], A (x) = (fy‘; et = =1 = dx =

—0Bom d t then, OP is given by (51) on the top of next page.

For the large values of k;,,, the expression in (51) can
be numerically unstable due to the presence of T' (ko). In
such case, we can use a widely known fact in statistics that,
for large k0m, @ Gamma RV is approximated via Gaussian
RV [53]. Using the Gaussian approximation for u, OP for
threshold ~y, is given in (52) on the top of next page, where

Nup— /’Yllx

V2No?
is demonstrated in Section X. Note that the confluent bivariate
hypergeometric function ®, is not implemented in MATLAB.
However, a MATLAB program for the evaluation of ¥ is
given in [54] that is used in the evaluation of (51) and (52).

Remark: The results derived here are quite general and
encompass many previous results in the literature as special
cases. For example, the (52) reduces to [36, Theorem 2] when
SD link is Rayleigh distributed, SR and RD link are Rician
distributed, i.e. agp = 2,ksp = O, usp = 1, mgp — o0
and asg = agp = 2,ksg = K1,5rp = Ko, fisk = trp =
1, mgg, mgp — oco. Similarly, the OP expression given in [37,
Eq. (10)] and [38, Eq. (15)] are special cases when the SD
link is in the outage, and the SR, RD link follows Rayleigh
distribution. Similarly, the derived results generalize the work
in [22], [23] for no phase error case.

. The utility of (51) and (52)

()_)\ \/21\/0'2_

X. NUMERICAL RESULTS
This section presents the simulation results that show the
correctness and utility of the theoretical expression presented

VOLUME 11, 2023

in the previous sections. Without loss of generality, we have
assumed 47 = 745 = 1 for all the plots, unless mentioned
otherwise. In all the figures, we have used solid lines to draw
the theoretical values and the dotted markers are for simulated
values. In Figs. 3 and 4, several plots for the product PDF of
two a—r— g shadowed RV for various values of o, , ppand m
are given. In Fig. 3(a), we have plotted PDF of product of two
o — k — p shadowed RVs with k1 = 5.0, 41 = 1.2, m; = 2.8
and ko = 2.1, us = 3.0, my = 4.4 for different combination
of a1 and «» values. Note that the mode of PDF Y shifts
to right as «a; increases. This implies that the probability
of taking low SNR decreases as «; increases. But as we
have decreased the o, while increasing the «; effect is not
monotonous. Similarly, in Fig. 3(b), we have plotted the PDF
of Y for different combination of k1 and x5 values with oy =
1.5, 1 =2.1,m = 10.0and ap = 2.5, s = 1.5, me = 4.0.
Here, since k1 and ko increases together, we can observe the
mode shifts to right in the expected order. Next, we have plot-
ted the PDF of Y for different combinations of 1 and m in Fig.
4. Particularly, in Fig. 4(a) fora; = 1.0, k1 = 2.2, m; = 10.0
and as = 1.5,k = 0.9,mo = 4.0, the plots are given for
different combination of 1; and ps. Lastly, Fig. 4(b) has the
results for different combination of m; and my with ov; =
1.5,k1 =5.0,u1 = 1.2and as = 2.5, k2 = 2.1, uo = 3.0.
Hence, one can observe that a wide range of shapes can be
fitted through double a — x — ;t shadowed RV. Also, note that
the simulated PDFs are perfectly matching with the values
obtained through theoretical expression in (22), which shows
the correctness and utility of expression.

Next, We plotted the PDF values for the ratio of two o —
k — p shadowed RVs in Figs. 5 and 6. The parameters values
in Fig. 5(a) and (b) are the same as kept for Fig. 3(a) and (b).
Similar is the case with Fig. 6(a),(b) and Fig. 4(a),(b). In all
the plots, the value of PDF obtained through simulated RV
and theoretical expression in (24) and (26).

In the following subsections, we have presented the simu-
lation results for the applications discussed in Section IX.

A. RESULTS FOR CASCADED WIRELESS SYSTEM

This subsection presents the OP and AF for a cascaded wire-
less system over o — k — p shadowed fading. Fig. 7 and 8
show the impact of a: parameter on OP and AF, respectively,
while other parameters are kept constant.

In Fig 7(a), we kept k1 = 5.0, 41 = 1.2, m; = 3.6 and
as = 2.0,k = 2.1, H2 = 3.0,my = 1.0 with Yo = 0
dB. Threshold SNR, i.e., vy, is set to be 5 dB. The OP of the
cascade system with varying values 7, is plotted for different
values of «v7. Results demonstrate that the OP decreases as a;
increases. This trend can also be verified through AF values
shown in Fig. 8 where we can observe that the AF decreases
as either ov; or ag increases. Hence, the degrading effect of
fading will be less for high values of «; or a. Similarly in
Fig. 7(b) we kept ;7 = 2.0,k1 = 5.0, 41 = 1.2,m; = 3.6
and ko = 2.1, uo = 3.0, my = 1.0 then we changed the value
of «y. It is observed that as « increases, the OP decreases.
However, the effect is not independent of other parameters

9
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X¢)2

Csp
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CsD

HSD - 2 Hsp
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X ¢’2 HUsp — Msp, Msp; f4sp + 1; J’ —h (t) & dt
CsD Csp
(b) , @ 1 .

K1 =05,k =0.8
K1 =12 Ky =15
k1 =21,kp=19
K1 = 3.0,k = 2.3
K1 = 5.0,k =4.2

Iy (y)

1 y 2

FIGURE 3: PDF of Y for various values of o1, as in (a), and
for various values of 1, k9 in (b).

(a) (b)
2 T T 2
11 =0.5, s =0.5 my =1.2, my =0.8
11 =0.6, py =0.8 my =2.8, my =44
— 1 =3.5, pp =2.8 my =7.2, my =1.0
1 =3.5, pp =1.9 my =3.6, my =7.0
LS =45, jp =4.5]] L5 [\ ——m; =05, my =12.0
€ €
z ! = !
i
A\
0.5F 1 0.5 ¥
0 0
0 1 y 2 0 1 y 2

FIGURE 4: PDF of Y for various values of p1, p2 in (a), and
for various values of m, ms in (b).

as in Fig. 7(a) the impact of increasing « is more dominant
compared to Fig. 7(b) where it saturates for s = 2.5. One
reason for this behavior may be that the k1 > k5 dominates

10

K1 =0.5, ko =0.8
k1 =12, kg =1.5
K1 =2.1, ke =1.9
K1 =3.0, Ky =2.3
K1 =5.0, kg =4.2

a; =1.0, as =3.0
a; =1.5, ap =2.5
a; =2.0, as =2.0
o =25, 0p =15|| 08
L5 a1 =3.0, ay =1.0|]

FIGURE 5: PDF of Z for various values of a1, a5 in (a), and
for various values of k1, ko in (b).

1 1.6 ®)
—my =1.2, my =0.8
my =2.8, my =4.4
1 =3.5, o =2.8 L4 —my =7.2, my =1.0
0.8 .5, pe =1.9{] my =3.6, ma =7.0
— g =4.5, py =4.5 1.2 my =0.5, my =12.0

FIGURE 6: PDF of Z for various values of y1, po in (a), and
for various values of mq, ms in (b).

the overall link. In our previous work [55], we have showed
the OP of cascaded wireless system decreases as x, 4 and m
increases. These theoretical results can be further used in re-
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FIGURE 7: OP of cascaded o — k — p shadowed channel
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FIGURE 8: AF of cascaded o — k — 1 shadowed channel

source allocation optimization problems where the objective
is to minimize the OP.

B. RESULTS FOR PHYSICAL LAYER SECURITY

This subsection presents the results for physical layer security
metrics such as SOP and SPSC for o — x — p shadowed
fading. In Fig. 9 and 11, the fading parameters of legitimate
(source to destination) link are ksp = 5.0, usp = 2.1, mgp =
10.0,4sp = 0 dB. Also, the fading parameters of the source
to eavesdropper links are ks = 4.2, usg = 1.5, mgg = 4.0.
The target secrecy rate is Ry = 1. In Fig. 9(a), we have plotted
the SOP versus 7sg for agg = 2.0 and different values of ap.
Here, one interesting point to note is that a higher value of asp
is not better for all the values of 45z as one can observe from
the figure that a lower aip is having lower SOP for 45z > 0
dB. Similarly, in Fig. 9(b), we have plotted the SOP versus
~se for agp = 2.0 and different values of agg. Here, also we
can see a crossover in the behavior of SOP at Y5z = —5 dB.
Intuitively, an increase in agg should be detrimental to SOP
but the result reveals that it is not independent from the value
of Asg. Increasing agg has detrimental effect only when the

VOLUME 11, 2023

Ase > 0dB.
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FIGURE 9: SOP for o — x — p shadowed fading for varying
VsE
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FIGURE 10: SOP for o — k — 1« shadowed fading for varying
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FIGURE 11: SPSC for @ — x — u shadowed fading
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Fig. 11 present the SPSC versus agp for agg = 2.0 and
different values of s . It is interesting to note that SPSC does
not have a monotonic relation with agp, i.e., we can’t always
expect a better SPSC for higher aisp. We can observe from the
figure that for the high value of 45z SPSC saturates or even
decreases with increasing a;p.

C. RESULTS FOR IRS-ASSISTED COMMUNICATION SYSTEM
In this subsection, we have presented the results of the IRS-
assisted communication system. We consider a simulation
setup such that the S, IRS, and D are placed at (0, 0), (0, 10),
and (90, 0), respectively. The path-loss coefficient /3 is chosen
to be 4 and v, = 73 dB. Other fading parameters are as
follows Rsp = 08, HUsp = 1.5, msp = 4.0, KSR = 2.1,
usg = 3.0,mgg = 4.4,and kgp = 5.0, pugp = 1.2, mgp = 2.8
The simulation parameter are similar to [23]. We set N = 50,
asp = 2.0, agg = 3.0, and agp = 1.0 unless mentioned
otherwise. In Fig. 12, we plotted the OP for different values
of N.Itis evident from Fig. 12 that the approximation derived
in Section IX-C matches with simulated values. Also, as the
number of IRS elements increases, the OP decreases. Next, in
Fig. 13, we plotted the OP for different agp. Interestingly, the
higher value of agp has a positive impact only up to a certain
threshold. After that, we observed the opposite behavior. We
can see in the figure that for ~,, < 0 dB, OP is less for higher
agp value, but for v > 0 dB; OP is higher for higher agp
values.

0.8

0.6

R}u/ ("//,h)

0.4

0.2

0 o :
-15 -125  -10 -1.5 -5 -2.5 0 2.5 5
Yen (dB)
FIGURE 12: OP of IRS-Assisted Communication System for
various N

Fig. 14 and 15 presents the OP for different values of agg
and agp, respectively. We can observe that the OP decreases
as agp or app increases. This is justified as we have seen
in Fig. 8 that the amount of fading decreases for a cascade
channel as the o parameter increases for either of the links.

Next, we have plotted the OP for different values of xgp
in Fig. 16(a) with usp = 1.5,mgsp = 4.0. The impact of
increasing the xgp have similar trend as the increase of agp.
In Fig. 16(b), the OP for different values of jgp is plotted with
ksp = 0.9, mgp = 4.0 and finally, in Fig. 16(c) we observed
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the impact of mgp with kgp = 2.1, usp = 3.0. Again, we
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can observed that the approximation derived in Section IX-C
matches with simulated values.

XI. CONCLUSION

This paper presents the series expression for PDF, CDF, and
MGEF of the product and ratio of two @ — x — 1 shadowed
RV. The series expression is obtained via a direct application
of Mellin transformation. We have also derived a Laplace-
type integral representation for the product and ratio statistics
PDF. Some typical examples of wireless communication ap-
plications like cascaded system and physical layer security are
provided. While, we have provided a 6G application namely
an IRS-assisted communication system. The fading model
considered in this paper is quite general and encompasses
typically used fading models. Hence, we hope our results can
be used for other emerging applications. These theoretical
results are important not only to assess the performance of the
considered application but also helpful in proper resource al-
location. An interesting extension for this work is considering
the product of an arbitrary number of «—x— p shadowed RVs.
Also, capacity and error rate analysis for cascaded and IRS-
assisted system for o — k — p shadowed fading is plausible
extension.

APPENDIX A ON THE CONVERGENCE OF SERIES
EXPRESSIONS
The Mellin transform of Y is

2(s—1) 2(s—1)

Mfy () 58] = 010 (192)" T ep 0y 2
2 2
XF(M1+(S—1))F(U2+(3—1))
aq Qo

2 (53)
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1

2
X oF <m27u2 +(s—1) a;m;&) .
2
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Using the definition of inverse Mellin transform and Residue
theorem, we have

oo

fr (y) = 0105 Z [Rin+Ra,l, (54)

n=0

where
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Ri,=3581,I (Mz - (n+ Ml)) oF1 (my, —n; py; 1)
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Basically, the PDF fy (y) is sum of two power series. Next, we
used the Ratio test to show the convergence of power series.
Consider the following

h ‘Rl,nJrl
n— 00 R17n
[e3
. ye
= lim =
n—00 2L

(n+1) (172) = cre5® (o= 2% (n+ )™
=0

(59)
It shows that the series is convergent for all values of y. Simi-
larly, we can see the convergence of series with coefficient
R3 . As the series expression in (7) and series in (54) are
equivalent, it proofs the convergence of series expression in
(7). Next, the Mellin transform of Z is
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Using the definition of inverse Mellin transform and Residue
theorem, we have

[ee]
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The convergence of series expression in (15) for ratio statis-
tics Z can be shown using same method.
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