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Abstract: In this paper, we consider a P(r,m) I' - seminear-rings and obtain equivalent
conditions for such I' - seminear-rings. we also obtain several characterizations of a P(r,m)

I" - seminear-rings which are admitting mate functions.
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1. Introduction

The cocept of seminear-rings was introduced by B. V. Rootselaar in 1962 [15].
It is known that seminear-rings are common generalization of nearrings and
semirings. The purpose of this paper is to establish the concept P(r,m) T’
- seminear-rings and obtain some of their properties. In Section 2, we give
preliminaries of I' - seminear-rings which are used in the subsequent Sections.
In Section 3, we give examples of P(r,m) I' - seminear-rings.

In Section 4, we discuss the properties of P(1,1),P(1,2) and P(2,1) I' -
seminear-ring and obtain the necessary and sufficient conditions under which
such I' - seminear-rings posses mate function.

In Section 5, we prove equivalent conditions for P(r,m) I' - seminear-rings.
we also obtain several characterisations of a P(r,m) I' - seminear-ring admitting
mate functions, it is interesting to observe that a I' - seminear-ring with a mate
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function is a P(r,m) I' - seminear-ring for all positive integers r and m if and
only if it is a P(1,2) I' - seminear-ring. Throughout this paper, by a I' -
seminear-ring we mean a right I' - seminear-ring with an absorbing zero. We
write ab to denote the product a.b for any two elements a, b in R.

2. Preliminaries

Definition 2.1. An algebraic structure (R, +,.) is said to be a seminear-
ring if
(i) (R,+) is a semi group
(ii) (R,.) is a semi group
(iii) (a+b)c = ac+ be for all a,b,c € R.
Definition 2.2. Let R be an additive semigroup and I' a nonempty set.

Then R is called a right I' - seminear-ring if there exists a mapping RxI'x R —
R satisfying the following conditions:

(i) (a+b)ye = ayec+ byc
(ii) (ayb)Bec = avy(bpc) for all a,b,c € R and ~,3 € T.
Definition 2.3. Let R be a I' - seminear-ring under the mapping f :

R xT'x R— R. asubsemigroup A of R is called a sub I" - seminear-ring of R
if Ais a I' - seminear-ring under the restriction of f to A x I' x A.

Definition 2.4. A right I' - seminear-ring R is said to have an absorbing
zero 0 if

(i) a+0=0+a=a
(ii) ay0 = 0ya =0, hold for all a € R and vy € T

Definition 2.5. (R,+,T") is a right I' - seminear-field if
(i) (R,+) is a semigroup
(ii) (R*,T) is a group (R* is R without addition zero, if it has one)

(i) (a4 b)yc = ayc+ byc for all a,b,c € Ry e T
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Definition 2.6. A I' - seminear-ring homomorphism between two right '
- seminear -ring R and R’ is a map ¢ : R — R’ satisfying

(i) ¢(a+b) = ¢(a) + ¢(b)
(i) @(ayb) = ¢d(a)yp(b) for all a,b € Riand v € T’

Definition 2.7. An ideal of a seminear-ring R is defined to be the kernel
of a homomorphism of R. A left ideal of a seminear-ring R is defined to be an
R-kernel of the R-semigroup (R, +).

Definition 2.8. An element a € R is said to be
(i) idempotent if aya = a.

(ii) nilpotent if there exists a positive integer k such that a* = 0.

Definition 2.9. A I'-seminear-ring R is reduced if R has no non-zero
nilpotent elements. We observe that as in ring theory, R has no non-zero
nilpotent elements if zyz = 22 =0 = x = 0.

We freely make use of the following notations.

(i) E = set of all idempotents of R

(ii)) C(R) = (r € R/ ryx = xyr for all z € R and vy € I") - centre of R.

3. P(r,m) I'~Seminear-Rings

In this section we define P(r,m) I' - seminear-rings and give certain examples
of such I' - seminear-rings.

Definition 3.1. Let r,m be two positive integers. We say that R is a
P(r,m) T" - seminear-ring if 2"yR = Rvya™ for all x in R and v € I.

Definition 3.2. A mate function 'f’ of R is called a P3 mate function if
for every x in R, xyf(z) = f(z)yx.

Definition 3.3. A I - seminear-ring R is called Boolean if zyx = 2% =z
forall z € R, v eT.



88 P. Chinnaraj, R. Perumal

Definition 3.4. An idempotent e € FE is said to be a central idempotent
if e € C(R).

Definition 3.5. Let I be an index set and let (R;);er be a family of
seminear-rings. X;c;R; with the component-wise defined operations ”+” and
7.7 is called the direct product ], ; R; of the seminear-rings R;(i € I).

Definition 3.6. Let R be a I' - seminear-ring. A non-empty subset A of
R is called a Sub I - seminear-ring if A itself is a I" - seminear-ring with respect
to the same operations as in R.

Example 3.7. (a) Let R = {0,a,b,c,d}. We define the semigroup op-
erations ”+" and 4" in R as follows.

+10 a b ¢ d Y10 a b ¢ d
0|0 a b ¢ d 0j]0 0 0 0 O
ala a a a a al0 a a a a
blib a b b b b0 a b b b
c|lc a b ¢ c c|0 a b ¢ c
d|ld a b ¢ d d|0 a b ¢ d

Then (R,+,T) is a P(r,m) ' - seminear-ring for all positive integers r
and m, y € T

(b) The direct product of any two seminear fields is a P(r, m) I'- seminear-ring
for all positive integers r and m.

(c) The Boolean P(1,1) I' - seminear-ring is a P(r,m) I' - seminear-ring for

all positive integers r and m.

Proposition 3.8. Any homomorphic image of a P(r,m) I - seminear-ring
is a P(r,m) I' - seminear-ring. The proof is straight forward.

4. Properties of P(1,1), P(1,2), and P(2,1) I'-Seminear-Rings

Proposition 4.1. Let R be a P(1,2) I" - seminear-ring. If R is a either
right normal or left normal I' - seminear-ring then R has no nonzero nilpotent
elements.
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Proof. Since R is P(1,2), 2yR = Ryx? for all z € R, v € I'. Since R is
right normal, x € 2yR. Then for every z € R we get x = ryz? for some 7 in
R,y e€Tl. Thus 22 = 0 = 2 = r70 = 0. Hence R has no non-zero nilpotent
elements. Proof is similar when R is left normal I' - seminear-ring.

Definition 4.2. The I' - seminear-ring R has strong I F P if and only if
for all ideals I of R, ayb € I = avyaxvyb € I for a,b € R and for all z € R, v € .

Proposition 4.3. If Ris a P(1,2) or a P(2,1) I - seminear-ring then R
has strong I FP.

Proof. Let ayb € I where [ is any ideal of R and let x € R, v € T

Case (i) Let R be a P(1,2) I' - seminear-ring. Since [ is an ideal of R, (i.e)
RII C I. Now avyr € ayR = Rya®? = ayx = yya® for some y € R = ayryb =
(ayz)yb = (yya?)yb = (yya)(ayb) € RT'I C I = ayayb € 1.

Case (ii) Let R be a P(2,1) I' - seminear-ring. Since [ is an ideal of R,
(i.e) ITR C I. Now 2ybyRyb = b*yR = xvyb = b*yy’ for some 3 € R =
ayxyb = ay(xyb) = ay(b*yy') = (ayb)(byy') € ITRTI = ayxyb € I. Hence R
has strong [ FP.

Proposition 4.4. In a P(1,2) I - seminear-ring, £ C C(R)

Proof. Since 0 € FE, it is non-empty. Let e € E, As R is P(1,2), eyR =
Rye? = eyR = Rye = eyRye = ey(Rye) = ey(eyR) = e?>yR = eyR. Hence
eyR = eyRve = Rye. For x € R, 7 € I there exist u,v € R such that
xye = eyuye and eyx = eyvye. These imply eyarye = ey(zye) = ey(eyuye) =
eyuye = zye and eyrye = (eyx)ye = (eyvye)ye = eyr. Thus eyxr = eyaye =
xye for all x € R,y € I'. Therefore E C C(R).

Remark 4.5. The results from 4.3 and 4.4 hold good for a P(2,1) I" -
seminear-ring also.

Lemma 4.6. If R has a mate function f then R is an left (right) normal
I' - seminear-ring.

Proof. Since R has a mate function f for all x € R, v € ', x = xyf(z)yz €
Ryz(xyR). Obviously then R is a left (right) normal I' - seminear-ring.
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5. Equivalent Conditions for P(r,m) I'-Seminear-Rings

Theorem 5.1. Let R be al' - seminear-ring with a mate function f. Then
the following statements are equivalent.

(i) R is P(1,2)
(ii)) E € C(R)
(iii) R is P(2,1).

Proof. (ii) = (i) : For a € R, ayx € ayR for all x € R, v € T, and since
E € C(R),

ayz = ayf(a)yayr = ay(f(a)yayz) = ayzyf(a)ya
= ayzyf(a)yay(f(a)ya) = ayzyfla)y(f(a)ya)ya
(since f(a)ya € E). Therefore
ayr = aayzy f(a)*ya® € Rya®> = ayR C Rya®. (A)
Also

zva® € Rya® = xya® = xyaya = (xya)(ayf(a)ya)
= (zvayay f(a))ya = ayf(a)yzya® € ayR = Rya® C ayR. (B)
From (A) and (B) we get ayR = Rya® for all @ in R, v € T and (i) follows.

Proof of (i) = (i7) and that of (iii) = (ii) are taken care of the Proposition
4.4.

(77) = (it7) For a € R, xya € Rya for all x € R, v € I and since £ C C(R),
zya = xyay fa)ya = (zyay(f(a))ya = ayf(a)yzya
= ayf(a)yay f(a)yzya = ayayf(a)yf(a)yzya
(sincef(a)ya C E)
zya = a*yf(a)’*yrya € a>yR = Rya C a*yR. (@)

Also
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a’yz € a*>yR = a®vR = ayayz = ayf(a)yayayz = ay((f(a)ya)yayz)
= ay(ayzy f(a)ya) = a*yayf(a)ya = Rya = a®yR C Rya. (D)

From (C) and (D) we get Rya = a?yR for all a in R and (iii) follows.

Remark 5.2. Let R admit a mate function f and let £ C C(R), we
observe that for every z € R, x = zvf(z)yz = f(x)y2?. Incidentally we have
2?2 = 0= 2 = 0. Hence R has no non-zero nilpotent elements.

Theorem 5.3. Let R admit a mate function f. Then R is a P(r,m) I" -
seminear-ring for all positive integers r and m if and only if R is a P(1,2) " -
seminear-ring.

Proof. If part: Since R is a P(1,2) I' - seminear-ring = E C C(R) (by
Proposition 4.4) Let r, m be any two positive integers. Let a € z"vyR. Therefore
a = x"vyy for some y in R. Now a = (zvf(z)yz) vy = ="y(f(x)yx) vy (since
f@)yz € B C C(R))= 2"y(f(z)yx)vy = a"yyyf(z)yz (since £ C C(R)) =
a"yyy(f(@))™a™ (since f(z)yx € E)= a"yyy(f(x))™a™ (since E C C(R)) =
(" yyy(f(x))™)yz™ € Ryxz™. Therefore 2"yR C Ryz™. In a similar fashion
we get Ryz™ C 2"yR. Hence 2"yR = Rvya"™ and R is a P(r,m) I' - seminear-
ring. The converse is obvious - it follows by taking » = 1 and m = 2. We
furnish below a characterization of P(r,m) I' - seminear-rings.

Theorem 5.4. Let R be a I' - seminearring with a mate function f.
Then R is P(r,m) if and only if for every x € R, v € T, there exists a central
idempotent e such that Ryx = Re.

Proof. For the only if part, let x € R,y € I'. Then Ryz = Ry f(x)yx = Re
where e = f(z)yz € E. But in a P(r,m) I'- seminear-ring £ C C(R) (by
Proposition 4.4). Therefore Ryx = R~ye where e is a central idempotent. For
the if part, we need only to show that £ C C(R) (in view of Theorems 5.1
and 5.3). Let e; € E. Now Rvye; = Rrye for some central idempotent e. Now
e1 = €2 € Ryei(= Rye) = e = yye for some y € R, v € I'. Therefore

e1 = (yye)ye = erve. (1)
Also e = €? € Rye(= Ryey) = e = uye; for some u € R, v € I'. Therefore

e = uye; = (uyey)ye; = eve;. (2)
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Since ‘e’ is a central idempotent

eyer = erye. 3)

From (1), (2) and (3) we get e; = e;ye = eye; = e. Therefore e;(=¢€) is a

central idempotent. Thus £ C C(R). Therefore R is a P(r,m) I' - seminear-
ring.
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