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ABSTRACT

For an even graph G and positive integer p, g, and k, the pair (p, g) is an admissible pair if (p + g)k =
|E(G)|.Ifagraph G admits adecomposition into p copies of P 1, the path of length k, and g copies of Cy,
the cycle of length k, for every admissible pair (p, g), then G has a {Px_ 1, Cx}{p,q}-decomposition. In this
paper, we give necessary and sufficient conditions for the existence of a {Py 1, Cx}{p,q;-decomposition
of n-dimensional hypercube graphs Q, when nis even, k > 4,andn =0 (mod k).

1. Introduction

The graphs presented in this paper are simple, finite and undi-
rected. Let P be a path of length k and Ci be a cycle of length k.
Here uju, . . . ug_juy represents the path Py and (ujuy . . . uguy)
indicates the cycle Ci respectively with vertices uy, ua, ..., ux
and edges ujuy, upus, . . ., Uk—1Ug, Uxu;. For any integer v > 0,
¥ G represents a graph consisting of ¥ edge-disjoint copies of
G. Better clarity on the terms of standard graph theory shall be
referred in ref.!!! The n-dimensional hypercube Q, is the graph
with V(Q,) = {0,1}" and edges between pairs of vertices that
differ in exactly one co-ordinate. The tuple is named as odd or
even when the number of 1’s is odd or even.

A decomposition of a graph H is a collection of edge-disjoint
subgraphs G, Gy, ..., G, of H such that every edge of H is in
exactly one G;. When decomposing the H, if all subgraphs are
isomorphic to graph G, then H can be decomposed into G which
is defined as G-decomposition. In this context, we say that H has
a {pGi, qG,}-decomposition, when there is a decomposition of
p and q copies of G; and G, respectively. For integers p and g,
the pair (p, q) is an admissible pair for the even graph H, that
is, every vertex has an even degree, if (p + q)k = |E(H)|. If H
admits a decomposition into p copies of Pxy; and g copies of
Cy, for every admissible pair (p, q), then H has a {Pxy1, Ci}ip,q)-
decomposition.

There are number of extensive analysis of the n-dimensional
hypercube graph Q, exist. A detailed analysis of hypercube is
developed by Harary et al. 2l and also examined about the prop-
erties of coloring, distance, genus and domination of a graph. In
ref., 3] Horak et al. proved that the graph Q,, can be decomposed
into any graph G of size n each of whose block either an even
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cycle or an edge, and it will be further decomposed into any set of
six trees of size 1. Anick and Ramras 4 proved that Q, admits a
P,,-decomposition for odd nifand onlyif m < nand m | n2"~1.
Tapadia et al. %) proved that for even # and m such that 2" < »,
Q, is decomposable into paths of length at most 2™#. Axenovich
et al. [%] proved that when 7 is even, Q, can be decomposed into
long cycles from which it follows that there are decompositions
of such hypercube into long paths.

Though, study on {Gy, G2}(p,q)-decomposition of complete
graph and complete bipartite graphs already exist, Shyu has
derived that the K, admitted {Ps, C4}p }-decomposition with
necessary and sufficient conditions in Ref.[”] The tensor and
cartesian product of paths, cycles and K, graphs are decomposed
to {Cy, E»} with necessary and suitable conditions were obtained
by Abueida and Devan, (8] where E, denotes the 4-vertex graph
having two disjoint edges. The existence of {Pi1,Cy}ipq}-
decomposition of K, and K, , with necessary and sufficient
conditions are obtained by Jeevadoss and Muthusamy. ! They
extended their study of decomposition to complete bipartite
multi-graphs Ky,,(%) in Ref.[1%] The presence of {Ps, C4}(p,q)-
decomposition of cartesian as well as tensor product of complete
graphs with necessary and sufficient conditions are obtained
by Jeevadoss and Muthusamy.!'!]' Recently many authors are
working in the field of paths and cycles decomposition,1%13]
paths and stars decomposition, '4-1¢) cycles and stars decom-
position 17181 and paths, cycles and stars decomposition 1}
problems in graphs. Saranya and Jeevadoss %! proved that the
graph Qy, is {Ps, C4}{p q)-decomposable.

In this paper, the existence of {Px 1, Cx}{p,q)-decomposition
of Q, has been proved for n = 0 (mod k) with n, k > 4, where
n and k are even.
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Figure 1. 3-dimensional hypercube graph.

2. Preliminaries

The n-dimensional hypercube graph represented as the n-
regular bipartite graph. For example, the graph Q3 is represented
asa 3-regular bipartite graph in Figure 1, which has two partition
namely U and V whose vertex labels are (u1,us,u3,u4) and
(v1, v2, v3, v4), respectively.

Generate all possible binary n-tuples for the n-dimensional
hypercube graph. Arrange the binary tuples in ascending order
by converting them to decimal numbers or by sorting them
lexicographically. Classify all the binary n-tuples as odd or even
based on the number of 1’s in the tuple. If the number of 1’s
is odd, the tuple is odd; if it is even, the tuple is even. Con-
sider the even tuples as U partite vertices and the odd tuples
as V partite vertices of the n-regular bipartite graph. Assign
the labels uy, ua,...,uyn—1 to the U partite vertices in order
and vy, va,..., V-1 to the V partite vertices in order. The U
and V partite vertices are adjacent if it satisfies the following
conditions.

u; is adjacent to

Vi

and
{ Vig1, if iis odd
vi_1, if iis even
and
Vo if i= L,2,...,2) (mod 2/t
Vi_ojs if i=2+1,2+2,...,2t1  (mod 2t1)

forj,if 1 <j < (n—2)andforeachi, 1 <i<2"L
Whenn = 4,j = 1,2and 1 < i < 8§, the adjacent vertices
with respect to i are (Figure 2)

u; is adjacent to vi, v2, v3, 5
uy is adjacent to va, v1, V4, Ve
u3 is adjacent to v3, v4, v1, v7
uy is adjacent to v4, v3, v2, vg
us is adjacent to vs, vs, v7, V1
ug is adjacent to vg, vs, vs, V2
uy is adjacent to vz, vs, vs, v3
ug is adjacent to vs, v7, Ve, V4

Whenn =5,1 <j<3and1 <i < 16, the adjacent vertices
with respect to i are

uy is adjacent to vi, v2, v3, V5, Vo
uy is adjacent to v2, v1, V4, V6, V10
u3 is adjacent to v3, va, v1, v7, V11

0000 0011 0110 0101 1010 1001 1100 1111
Ul ug us U4 us Ue uy us
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AR

Figure 2. 4-dimensional hypercube graph Q4 represented as 4—regular bipartite
graph Hgg.
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Figure 3. Q-decomposition of Qg.

uy is adjacent to v4, v3, v2, vs, V12

us is adjacent to vs, vs, v7, V1, V13

ug is adjacent to ve, Vs, Vs, V2, V14

uyz is adjacent to v7, vs, vs, v3, V15

ug is adjacent to vs, v7, Ve, V4, V16

ug is adjacent to vo, V10, V11, V13, V1
uyp is adjacent to vig, v9, V12, V14, V2
uy; is adjacent to vi1, v12, v9, V15, V3
u12 is adjacent to vi2, v11, v10, V16> V4
uy3 is adjacent to v;3, v14, V15, V9, V5
u14 is adjacent to vi4, v13, V16, V10> V6
uy5 is adjacent to vis, V16, v13, V11, V7
u16 is adjacent to vie, V15, V14, V12, V8

Freezing refers to fixing the selected co-ordinates in n-tuples
and taking all possible combinations of the remaining co-
ordinates. For example, consider all 4-tuples and partition it
into two parts. First 2-tuples as part I say b; and last 2-tuples
as part II say b,. There are four possible cases of 2-tuples 00,
01, 10, and 11. Freeze b; as one of its possible cases say 00 and
take all possible case of b;, we get S = {0000, 0100, 1000, 1100}.
The induced subgraph of the S is isomorphic to the graph Q; as
shown in Figure 3. Similarly, perform the same process for all
the possible cases of by, 4 copies of Q, can be obtained. Then,
freeze b; and take all the possible cases of by, 4 copies of Q, can
be obtained.

The following construction is useful for the main theorem.

Construction 1. °) Consider two cycles C;V and C;® of
length k, where GtV = (ujupus---upup) and C® =
(vivav3 - - - vev1). If x is a common vertex of C,(! and C® such
that at least one neighbor of vertex x from each cycle (say, u; and



denotes P}E +> 1

_ ___ denotes Pk( +)1

Figure 4. GV U@ =p) UPZ) .

v;) does not belong to other cycle. Then there will be two edge-
disjoint paths of length k, say P ;" and Py ;@ from C" and
Cr® as shown in Figure 4, where Pk+1(1) = (VY — xu) U xvj,
PkH(Z) = (Ck(z) — xvj) U xu;.

Remark 2.1. If G and H have a {Pgy1, Ck}{p,q)-decomposition
then G U H has such a decomposition.

3. Main theorem

In this section, we prove that the graph Q,, has a {Pxy1, Ci}ip.q-
decomposition.

Theorem3.1. Let p, qbe nonnegative integers and n, k be positive
even integers with k > 4. If the graph Q, has a {Pxy1, Ci}ip.q)-
decomposition, then n2"~! = k(p + q) and p # 1.

Proof. Obviously, if Q, can be decomposed into p copies of Py
and q copies of Cy, then k(p + q) = |E(Q,)| = n2"~!. On the
contrary, suppose that p = 1. Let P denotes a path of length
k in the decomposition. It implies that the end vertices of P
have odd degree in Q, — E(P). Therefore, Q, — E(P) cannot
be decomposed into cycles, a contradiction. O

Theorem 3.2. The graph Q, has a Qg-decomposition for all
n,k>4andn =0 (mod k).

AKCE INTERNATIONAL JOURNAL OF GRAPHS AND COMBINATORICS . 3

Proof. The vertex set V(Qy) is the set of all binary n-tuples.
Partition the n-tuples into 7 parts and label them by by,bs,

-»bn. The induced subgraph is obtained by freezing all the
parts except by, that is by, b, ...,b% as one of its possible

case, there are 2" possible cases of (n — k)-tuples, which is
isomorphic to Q. Similarly, the same process is performed for
exception of b, then, bz upto b% sequentially. As a result %2”_"

edge-disjoint copies of Qy are obtained. O

Theorem 3.3. Let p, g be non-negative integers, n be a positive
even integer with n > 4 and p # 1. Then the graph Q, has a
{Pn+1, Cn}{p.q)-decomposition.

Proof. Represent the n-dimensional hypercube graph Q, as a n-
regular bipartite graph, which has two partition namely U and V
whose vertex labels are (11, uz, . . ., upn—1) and (vi, va, ..., Von-1)
respectively. Divide the each U and V partite into 4 equal sub-
partite whose labels are (Uy, Uz, Us, Uy) and (Vy, Va, V3, Vy),

respectively. Type I cycles are cycles which covers the vertices
from more than one sub-partite of V as shown in Figure 5. Type
II cycles are cycles which covers the vertices from exactly one
sub-partite of V as shown in Figure 6. Thus the result in two
cases prove n = 0 (mod 4) and n =2 (mod 4).

Case (i) : n =0 (mod 4)

Type I cycles:

For each hypercube graph Q,, a
order (2%*1 x n), whose each cell is identified by rs¢; (sth row
and tth column). The sign table is divided vertically into two
halves, say Part-I and Part-II. Part-I is from c¢; to ca. Part-II is
from cx ;) to ¢,. In Part-1, positive sign is assigned in c» and for

sign table can be generated of

the remaining cells, the (5 —1)-tuples binary string is generated,
then 0 and 1 is replaced by + and —, respectively. Consider the
negation of Part-I as Part-II. (See Example 3.1)

The following table gives the base numbers and names which
are used to generate 2”2 copies of C,,. (See Example 3.2)

Base numbers | 2772 | 2773 2271 | gn=2 | gn3 227!
Names 81 &2 8; 8%4_1 8;+2 Sn
Following construction is used to generate C,. Type II cycles:

(u; Vids1.rscr Witdirsei+8z.rsca Vit rse1 +82.rsc0+83.r5c3 * *°

Uit §1.rsc14+85.r5c2+83.75¢3 ...,+8n.rscn)

where i = j (mod 2%) forl <j< 22"land 1 <i< 2" for
s=q+landi=gqx22 +j. Foreachj(l <j < 2771) there
?)

— 27[—2

ar

. . . . n_q on—1
satisfies. Hence this construction gives 22 X =
22
copies of Cy,.

For each hypercube graph Q,, a sign table can be generated
in the order (23—1 x n), whose each cell is identified by r¢; (sth
row and tth column). The sign table is divided vertically into
two halves, say Part-I and Part-II. Part-I is from ¢; to cn, Part-11
is from cz 4 to ¢,. In Part-1, positive sign is assigned in ¢; and
cz and for the remaining cells, the (5 — 2)-tuples binary string
is generated then 0 and 1 is replaced by + and —, respectively.
Consider the negation of Part-I as Part-II. (See Example 3.3)

The following table gives the base numbers and names
which are used to generate 2"~2 copies of C,,. (See Example 3.4)
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Figure 6. Type Il cycle.
Base numbers | 2272 | 2273 20 0 | 2272|2273 20 0
Names MM A )»% 1 )»% Kngl )»ngz A1l | An

The following construction is used to generate C,,.

(u; Vitdirsar  Uitdyrsar+rarses  VithyrserHharsca+Azrses ©

Uit dy.rsc1+Ap.rsc+A3.15¢3 5on ,+An.rscn)

where i = j (mod 2%*1),1 <j< 2272 and 1 < i< 2l
2" different i

fors = j. For each j (1 < j < 2272) there are T

values while the condition i = j (mod 2771y satisfies. So this
Zn—l

. . n_ — .
construction gives 22 > x 5= =27 2 copies of C,. Hence,

from Case (i), 2"~2 copies of Type I cycles + 2"~2 copies of Type
II cycles = 2"~! copies of C, is obtained.

Case (ii) :n = 2 (mod 4)

The graph Q, is decomposed into 4Q,_, as represented in
Figure 7. Each part stands for copies of Q,—, induced by n-
tuples by freezing the last two coordinates. The graph Q,_; can

be decomposed into C,—» by Case (i). For the vertex g from the
Qn—2, it is written gj; whose last two coordinates are ij. Consider
a cycle F which is of the form of Type I cycles. One of those is
depicted in Figure 7. Here fag denotes the upper part of the cycle
and fbg denotes the lower part of the cycle. I1, I», I3 and I4 are
four cycles of length n, such as

I = fooa00go0go1a01fo1f00
I = fooboogoog10b10f10f00
I3 = floaiog10811411/11f10
Iy = fo1bo1g01811b11/11f01

where f = y;and g = Uitsyrecr+dpricot+oy ricn in Type I

cyclesandf = Vithrrrser andg = VH—M-rs61+)»2-rscz+-~+)»§Jsf% -H»gﬂ-rscgﬂ

in Type II cycles. Hence from Case (i) and Case (ii), Q, is
decomposed into 2" ! copies of C,,.
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00 01
f g g
b b
10 11
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Figure 7. Qp represented as 4 copies of Q.

In Case (i), consider the vertices u; and uiys, sy, 15y rscy -t 1 rscn
1773

in Type I cycles, u; and Uik Ay rsei+haricatetiog ricy in Type II
cycles cover all the U partite vertices exactly once and Type I
and Type II cycles are edge-disjoint. Therefore, these cycles have
at least one common vertex and at least one neighbor vertex of
that common vertex which does not belong to other cycles. By
using Construction 3, the same number of edge-disjoint paths
of same length can be obtained.

In Case (ii), the cycles I, I, I3, and I are edge-disjoint
cycles, here fyo is a common vertex of I and I, and fio is a
common vertex of I3 and Iy, then a and b are neighbor vertex
of the common vertex from each cycles which does not belong
to the other cycles. By Construction 1, these cycles decomposed
into same number of paths. Hence the n-dimensional hypercube
graph Qy is {Py+1, Cy}{p,q)-decomposable. O

Example 3.1. When n = 8 the sign table for type I cycles is

+ 0+ |+ |+ - - -] -
+ 0+ -+ - -+ -
+ -+ |+ -+ -] -
- -+ -+ +]-
S R T S | I I
O I S S | R I o
N T T S | R I
O T e o T o I

Example 3.2. When n = 8 the base number and its names for
Type I cycles are

Basenumber | 64 | 32 | 16 | 8 | 64 | 32 | 16 | 8
Name 51 52 83 84 55 86 57 53

Example 3.3. When n = 8 the sign table for Type II cycles is

+ 0+ + -] -] -]
+ 1+ -+ -] -1 +]-
+ -+ -+ - -
+ - -+ -]+
+l+ |+ + -] -] -] -
+ 1+ -+ -] -1 +]-
+ -+ -+ - -
+ - -+ -]+

Example 3.4. When n = 8 the base number and its names for
Type II cycles are

Base number | 4 | 2 1 0| 4| 2 1 0
Name )\1 )»2 )\3 )»4 )\.5 )‘6 )»7 )\8

Theorem 3.4. Let p, q be nonnegative integers and n,k > 4 be
positive even integers with p # 1. If n = 0 (mod k), then the
graph Qy has a {Pky1, Cx}{p,q}-decomposition.

Proof. By Theorems 3.2 and 3.3, the graph Qy, is {Px1, Ci}{p,q)-
decomposable for n = 0 (mod k) withn > 4and4 < k < n,
where n and k are even. ]
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Appendices

The Python program is given in the link : https://github.com/
Saranyadgraph/saranya.git

The output of the program provides the required bit strings and
their corresponding labels of Q; for n = 0 (mod 4). However, it gives
the adjacent vertices of each vertex in the graph. After that it gives
the 2"~ copies of Cy. Finally it gives the common vertex and their
corresponding cycles


https://github.com/Saranyadgraph/saranya.git
https://github.com/Saranyadgraph/saranya.git
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